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Introduction to differential equations

The importance of DE (motivation)

Differential equations are equations which express a relationship between variables and their derivatives.
Typically, when variable changes during time and other variable is depending. Differential equations play
important role in describing problems e.g. from

e physics,

e dynamics,

* medicine,

e structural analysis,

* populations studies.

What is a function?
1. Function has a domain/range.

2. For each value from domain it has one function value.

— range —
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Left graph: y = +\/x — 1, x > 1 is a function, since it has said domain and it assigns for each value from
domain one function value.
Right graph: y = x? is not a function. But because we assume that domain is either (—00,00) orall
values which make sense, it is a function also then.

Implicit function

Implicit function is expressed as f(z,y) =0 and « and y are not dependent variables. Such functions are
not solved easily for y in terms of &, so they are unwelcome.
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Implicit function z? + y2 = 72 can be rewritten to its explicit form either as y = /7% — x2 or

y= i~ o,



,y) = x3 + y3 — 3zy depicted

Sf

above can be converted (with a loss of information) to explicit form, which is easy to manipulate. We can

y —
y?—az’

B

find million ways how to convert, only some of them are shown.

dy
dz

2+ > —3zy=0
y' (3y® — 3z) = 3y — 322

3z% + 3y%y — (3zy’ +3y) =0

-3

y/z,soy =dy/dx.
If we are given simple differential equations ¥’ = x, we have enough information to draw a tangent at each

point. If we make a grid of points, we can draw small tangent at each grid point, as in the graphs shown below.
Then we have graph of differential equations which is called direction field. These tangents are guides, they

show where the solution might pass.

To draw implicit function is a tedious task. Since to one value of x may belong more than one function

value, usually an iterative process is needed. The implicit function f

-3

It is important to keep in mind that once we see y’, its meaning is a tangent at given point. As k is tangent in

A note about differentiating implicit function. To express y' = dy/ dx chain rule has to be applied (in such case y

become dependent on z):

Ordinary differential equations (ODE)

y=kx = k
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When constructing direction by hand, it is efficient to find isoclines—lines connecting grid points with the

in red color for each.

Fromleft:y' =z, y' =z +y, 9

same sl\épe (these can be observed in the second example).
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Differential equations drawn as a direction field for three different DE. Also one particular solution drawn

Verification of expl

Example


http://math4/FirstOrder_DE_separating/#direction_field

Verify that y = e is a solution of DE ' + y = 0.

We have a proposed solution of the differential equation. We mean, that if we substitute proposed solution into
y, y' within DE, the equality have to hold.

Ify=-e %, thenity’ = —e *. Let us substitute y, ¥y’ into DE to check, whether equality holds:
Yy Y Y. Yy
—e"+e =0 rzeR
0=0

T

It is shown above that y = e~ is a solution of DE ¢y’ +y =0

Example
Verify that y = e” is a solution of DE y’ = e”.

From the proposed solution y = e* = 1y’ = e%. So it is obvious that y = e is a solution of given DE, = € R.
prop Yy Yy Yy

Example

Verify that y = x arcsinz + 4/1 — z? is a solution of DE d2y/dav2 =1/v1—22.

First, it can be observed, that 1 — 22 have to be greater than zero or

—1<x<1

Now the domain is valid also for arcsin . Note that d2y/ dz? is an other notation of writing y” . We have to
differentiate proposed solution two times, than we can substitute into DE.

1 1
+_

x
V1 —z? 2 122

/

y = arcsinz + (—2z) = arcsinz

gL
11—z
It is shown above that y = x arcsin z + /1 — z?2 is a solution of DE dzy/dav2 =1/V1—22.

Note: The first derivative is somehow complicated and one might have doubts whether ¢’ has been evaluated
correctly. In the case of doubts, the numerical check can be done by calculator from random two points which
are close to each other. The slope between these points has to be in chord with 3/ (z).

Example
Verify that y = z? is a solution of DE zy' = 2y.

y:x2 — y':2w

Now substitute into DE:

T-2x =2y zecR
2x2:2y
=y

2

It was shown above that y = z* is a solution of the DE.

Example

Verify that (1 + z2?)y’ = zy has a solution y = /1 + z2.

1 1
y:w/1+m§ :>y’=——2x:L

Now substitute into DE:


http://math4/FirstOrder_DE_separating/#numerical_check_by_calculator

(1+x2)L:my
V1+z?
Vita® =y

The equality holds, y = /1 + 22 is a solution.

Verification of implicit solution

Example

Verify that 4% — 1 = (z + 2)2 is a solution of DE y? — 1 — (2y + zy)y’ = 0.

Let us differentiate solution to express y’ :

v’ —1=(z+2)°

/

2uy =2x+4
, T+ 2
y:
Y

Now ¢’ can be substituted into DE:

T+ 2
y2—1—(2y+wy)720

v —1-2+z)(z+2)=0
(¥ -1 —(2+2)*=0

Since y% — 1 is equal to (z + 2)2, both paranthesis cancel each other and then
(z+2)°—(x+2)%=0
0=0

Therefore y? — 1 = (z + 2)2 is a solution of DE y2 — 1 — (2y + zy)y’ = 0.

Example
Determine, whether
e +e¥ =1

is implicit function which is an implicit solution of differential equation

eV ev’t ﬂ

=0
dz

First let us differentiate solution to express y’:

2y’ + 2¢* =0

. _262z B e2:c
Y= 0w T o
Now let us substitute prepared 3’ into DE.
2z
etV V" S
e
e’ ey 1 1
_y v (—ezem -_— _y) =0
e e e e
€T
£ (e 1,



Example
Is 2 + y% + 1 = 0 an implicit solution of dy/dz = —x /y?

If we differentiate proposed solution, we get 2z + 2yy’ =0 = y' = —x/y. That looks well but the trouble
here is that 2 + y? 4+ 1 = 0 is not a function, so it can not be a solution.

First order DE, higher order DE

The first order DE involves variable differentiated once. If we can observe presence either of y” or e®, it is not
first order differential equation.

Example

Determine the order of the following DE:

dy + (xy — cosz)dz = 0 (1)
y' +ay” +2yy')° +ay=0 (2)
3
d2y my4
(w) -@") +z=0 (3)
e +ay’ +y=0 (4)

Answers: DE (1) is first order DE, DE (2) is second order DE, DE (3) is third order DE, DE (4) is third order
DE.

Particular, singular and general solution

As the graphs (direction fields) above suggest, a differential equation does not have one, but many solutions.
That is caused by presence of integrating constant(s). Let us for example consider differential equation 3y’ = x.
Then y(z) = 1/2z? is a solution of given DE. And y(z) = 1/22% + c is a solution as well.

In the next chapters we will be talking about

1. General solution: general solution contains every particular solution, can be also considered as a family of
solutions.

2. Particular solution: does not contain arbitrary constant c. The arbitrary constant is solved in accordance
with initial or boundary values of the problem.

3. Singular solution: sometimes, DE has also other general, but unusual solution, which can not be obtained
from the family of general solutions.

For example y = zy’ + (y')2 is a first order DE with general solution y = cx + c*. However it is not general
solution in the real meaning of this term, because it does not include every particular solution. Because the
function y = —z? /4 is also a solution, which can not be obtained from the group of solutions no matter what the
value c is.

Initial value for DE

Initial values are conditions, which allow us to determine the values of arbitrary constants ci, ca2,..., cy,.
Normally, the number of arbitrary constants equals to the order of DE. We might say that for the first
order DE we need one initial value to determine constant c. For the second order DE we need two initial values
to solve both c1, c2.

Example

Differential equation ¢y’ + 2y = 3 has a solution y = 3/2 + ¢/ e?® . What is the particular solution if initial value
is y(0) =12

The solution seems to be a general solution and can be drawn by means of direction field. But direction field
(and the general solution) expresses a family of solutions. We have to find such solution which fulfills y(0) =1
or—in other words—solution, which passes point [0, 1].
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Example

Differential equation yy’ = (y + 1)° has a family of solutions 1/(y + 1) + log |y + 1| = & + ¢, y # —1. Find the
particular solution for which y(2) = 0.

From the family of solutions we have to find the solution which passes point [2, 0]:

pr— 1
z=2 —— +logl0+1=24¢c = c=-1

—

The value of constant c is determined from initial value and particular solution (in implicit form) can be written
as:

1
— t+logly+1l=z—-1,y#-1

y+1
Note: the function defined as y = —1, which we have to discard above, is also solution of the given DE and is a
singular solution.
T T " T T T
4 L _ﬁ+log{v+l|=x—l — |
2 [ .|
= 0 L
2 :-_--‘\\ .
4 | i
4 2 0 2 4 6 8 10

More problems solved...

Example
Prove that the function y = ae® + be ™ is a solution of differential equation y” — y =0

Let us get first y” from the solution:



y =ae® —be ”
=ae” +be ”*

"

If we substitute both y, y” into DE the equality holds, so y = ae® + be ™ is a solution of given DE.

Example
Show that y = 2/(z + 2), = # —2 is a solution of DE zy’ + y = y2.

2
z+2

y=2«x+m4yz—ﬂx+m”

y:

Let us substitute y, 3’ into DE:

2 4
z+2  (z+2)°
—2x+2x+4=4
4=4

2(~2(z +2)%) + /- (z+2)°

The equality holds, so y = 2/(z + 2),  # —2 is a solution of the given DE.

Example
Test whether family of solution y = ¢; + cae® + x3/3 satisfies differential equation y” + y' — 22 — 2z = 0.
We need ', y” from the solution and test, whether, when substituted into DE, equality holds.

y=rc1 +coe * + m3/3
yl _ _Cze—z + w2
"= e + 22

Let us substitute into DE:

(coe™™ +22) + (—cze “ + %) — 22 —22=0
0=0

Example

Find DE whose solution is a family y = cz + el

There is an arbitrary constant ¢, which is involved in solution. Since there is only one constant, the DE is of the
first order. Let us differentiate solution, express ¢ and substitute into solution. Then we have differential
equation.

Y= cx + e
Yy =c
c= y'
Then
0 "3
y=yz+(y)
Example

Find DE whose solution is a family 2 — ¢y + ¢ =0



22 —ey+c =0

2
2;13703/:0:>c:—:jc
Yy
5 2z 4 4z?
" ——y =
v )

:22(y')2 —2zyy +422=0

Example

Prove that y = e %/2*¢ is a solution of DE 2y’ + y = 0. Find particular solution if
+ y(0) =2,
« y(0) = —2.

Make a direction field for DE and draw the particular solutions.

Firstly, let us differentiate supposed solution so it can be substituted into DE.

y:ef§+c — yr:_%e—gﬂ
2y +y=0
2(—%6*%“) (e T =0
0=0

The supposed solution is really the solution. Now let us solve arbitrary constant ¢ for given initial values in
order to express particular solutions.

2: 2=¢ ¢ — c=1log2
ylz=0)=-2: — 2= 0tc

The particular solution for initial value y(O) =2isy= e %/210693 5n4 is shown in graph. There is no particular
solution passing the point [0, —2].
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First order differential equations

DE solved by separating variables

We recognize many types of differential equation. Such recognizing is the key for solving, because then we can
apply the proper method, which is able to bring the solution of DE.

We know already how to solve simple DE in the form
dy
— =g(x).
7y = 9(@)

Just integrating both sides gives us the solution:

dy = g(z) dz, (5)
y= /g(m) dz,
y=G(2) +e

where G(z) is an antiderivative of g(z). Now what if in (5) is on the left side not only dy, but a function
depending on y? The solution would be that simple as well. Just to integrate both left and right side.

That means if we can separate members depending on « together with dx and at the same time do the
same for y, then it is easy to solve DE by integrating both sides. So

% — g(a) hy) ()

would be the general form of DE, which can be solved by separating variables. For example

y =y y' = zy + sin(z + y)
or or
y =z/y y =z /y+ log(z + y)
are separable are not separable

Solution without solution (curves, direction field)

In many practical problems a rough geometrical approximation to a solution might be all that is needed.
Sometimes we may even be not able to solve the DE symbolically.

We can construct a direction field: a rectangular area with grid points and compute/draw tangent dy/dz for
each grid point. See the graphs within this chapter, e.g. the last example for illustration.

Producing direction field by hand might be time consuming. It is handy if one can find so called isoclines, i.e.
lines which have the same value of the slope.

Example

Solve DE z dy — y dz = 0. Find particular solution for y(2) = 4.

There is not much effort needed to reshuffle DE into

loly—lcl:v:O
Y x

The variables z are separated from y. It is simple task to integrate both sides now.

log |y| = log [z| + ¢

y= elog |z|+c
y= 6log |z] e°
y=zC

To find the particular solution we have to substitute initial value y(z = 2) = 4 into solution. Then value C' = 2
is found.
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Direction field and the particular solution for given DE. Direction fields are small tangents (dy/dx)
evaluated and drawn for grids within the network of grids. These small blue arrows provide idea about all
solutions. Also one (particular) solution y = 2z is drawn. Note that the solution follows direction field.

Example

Solve DE yz2dy — y3dx = 2x%dy.

The DE is somehow more complicated than the previous one. We have to put some effort into separating
variables. If we succeed to separate variables, then after integrating we have the solution.

Let us divide by a:2y3 and see what happens
1 1 1
—dy— —dr=2—dy
y? 22 y®

We separated the variables quite easily. Now all members can be integrated.

—z dz=(2y° —y %) dy
el =y P4ty +C
1 11

——2+—+C z#£0,y#0
T Y Y

Y = —z + zy + zy’C

We can use quadratic formula or leave the solution in implicit form.

y*(1—2C) =2y — 1)

Note: we have lost a solution. The above family of solutions is not the general solution.

During the operations we ruled out y = 0. If we substitute y = 0 (and dy = 0, since y is constant) into given
DE, then it is quite clear that the equality holds for any . Thus y = 0 is also a solution.

y=0 (singular solution)

Example
Solve DE gy’ = eV? /y for initial value y(1) = 4.
ydy = eVedzx

When the variables are separated, the left side is easy to integrate, but the right side is more complicated.

We have to solve f eVZdzx. It contains internal function so we have to use the chain rule backwards. First

let us differentiate ev® and then integrate the product by integration by parts (the product rule
backwards):



1 -
(eV®) = Eeﬁm 1/2

Now to integrate 1/2 eVeig1/2 we use integration by parts. From
(wv) =w' + u'v = w' = (wv)’ —u'v we have [uv/ =wv— [w'v. One member is easy to
differentiate (ev?) and the second one is easy to integrate (1 / 212 ).

1
eV® = /5 eV 12 dx =

u=e"? = u'= l Vg2
Z/uv' dx = 2 =
R S 1/2

1
— VT2 _ 5 /eﬁdm
% /eﬁdm = eVEg/2 _eV®

/eﬁd:v = 2eVZz!/?2 _ 2¢VE
Now we have figured out how to integrate both left and right side, so we can integrate, therefore complete the
solution of DE:

1
— y2 =2eV7z1/? — 2eV7 +c.

[\V]

y:2\/eﬁ\/;?—eﬁ+0.

If the initial value y(z = 1) = 4 is substituted into the general solution, the value of constant is determined as
C = 4. The particular solution is then

y:2\/e\/5\/5—e\/5+4.

Example

Solve DE y' + y = 0 for initial value y(1) = 1.

1
—dy+dx=0
Y
logly| +z=c
loglyl = c - @
y:eC*i

Substituting initial value y(z = 1) = 1 into solution gives ¢ = 1
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Example
Solve DE sin x cos 2y dz + cos z sin 2y dy = 0 for initial value y(0) = 7/2.

sin x sin 2y

T dy=0
cos T cos 2y
tanx dz + tan2y dy = 0

1
—log | cos z| — 510g|cos2y| =C
1
log | cos z| + 3 log | cos2y| = D
log \/| cos 2y| = D — log | cos z|

\/| cos 2y| _ eD—10g|cosx\
D

\/| cos 2y| = =
cosx

cos 2y - cos’z =E

If we use initial value within the solution we get £ = —1, so the particular solution is

cos 2y - cos’z = —1

Example
Solve DE dr/df = —sin 6.

dr = —sin 6 df
After integrating both sides:

r=cosf +C

Example
Solve DE dr/df cot  — r = 2. (Note that cot @ = cos 6/ sin 6)

1
2+
log|2 + r| = log|sech| + C
elog 247 _ elog\sec0| +C

dr = tan 6 df

Note: function sec # = 1/ cos § = hypotenuse/adjacent.

Assuming  # ..., w/2, 37/2, ...and r # —2, the general solution is

2+ 7r=Dsect

A numerical check of solution for correctness

(7)

Now we have reached a solution but when solving DE, esp. difficult ones, it is quite possible we could
make a mistake. For that reason, we might be interested whether there is a method to check the

solution for the correctness.

Well, there is a simple numerical way of checking by using a calculator. Let us choose the constant
D of any value, e. g. D = 2 and take any value for 6, e.g. 6 = 1 and evaluate r from the solution. Then let

us choose any small df, e.g. dd = 0.001.

So, from solution, we have



e D=2,0=1 = r=1.7016314
e« D=2,0=(1+df) = r=1.7074072 — dr = 0.0057758

We got two points (from the solution), which are close to each other. Not only we can draw the
graph of solution, but we can numerically evaluate approximate tangent at a point and note that the
tangent is used also within the context of DE (it is y’ within DE indeed). If there is no mistake within
the solution, we can expect that after substituting prepared numerical values into DE, left and right side
have to hold equality (roughly):

dr

—cotf —r=2

dé
0.0057758

0.001

cotl —1.70741 = 2

2.0012 =2

Despite all the simplifications we have used, the last line shows that the tangent we got from our solution
fits into the DE and that suggests that the solution (7) is correct.

Example
Solve DE

with

initial

z={-3,-2,-1,0,1,2} x y = {-2,-1,0,1,2}

! —_—

After some shuffling and integrating both sides:

For given initial value then ¢ = —1

values. Draw
2¢ + 1
—9) =
2y y(—2)
v =zt +

direction

_]_,

C

Now we have implicit solution which can be splitted into two solutions

and easy then.

Note: more grid points are shown within the chart than are computed within the table.

y=+

o +x—1

y:—\/m§+x—1

The initial value fits only to the second one. For drawing the direction field, let us form a table, things go fast

and

field

y7#0

-3 -2 -1 0 1 2
5/4 3/4 1/4 -1/4 | -3/4 @ -5/4
5/2 3/2 1/2 -1/2 1 -3/2 | -5/2
-5/2 1 -3/2 | -1/2 1/2 3/2 5/2
-5/4 | -3/4 | -1/4 1/4 3/4 5/4
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First order differential equations

Linear DE

The linear DE of first order can be described as

a1(z) y' + ao(z) y = g(z).

That means both y, y’ are involved with coefficients, which are either constant or are a function of z.
Note: DE e.g.

y +siny = g(z) or
2
()" +y=g(z)

are not linear DE.

We will rather work with linear DE in the standard form

W P@) = f(a) 0

In some cases the DE above, which is linear, can be solved also by separating variables. General method to solve
linear DE involves a special function u(z). As for now, do not think where this function comes from. If we use
such special function g () to multiply DE, it will help us to bring the solution. So let us multiply (8) by pu(z)
to derive the principle:

p(z) 2L+ u(@)Pla) -y = ula)f() (9

Now it is important to pay attention to the left side of (9). Because it will be shown that after multiplying both
sides of DE by p(x), on the left side of DE is being left p(x)y differentiated with respect to . Let us
differentiate pu(x)y:

d dy dp
— H(z) y = pulz) == + ==y (10)
By (10) it was shown that d% wu(z)y is on the left side of (9) supposing
d
= = (@)P(2) (11)

The DE (11) above can be solved by separating variables and will answer the question where does the function
u(z) come from.

! dp = P(z) dz
p()
log |u(z)| = /P(m) dz + c1
N(ﬂf) _ c2efP(w) dx

It can be shown that the value of the constant has no effect on solution of linear DE. So, we may put c2 = 1:

p(z) = el @) do (12)

Since we have identified p(z) as e/P®) 4, let us use p(z) again to multiply the DE (8). Because it will be
shown, that after multiplying, the DE is readily solved. Let us bring back DE in standard form and multiply by
integrating factor:




dy o I P@)dz
Yo pa)y—f@) e

[efP(w)dw:| dy n |:efP(av)dac:| Pz)-y= [efP(x)dw] (@)

dr
d P(z) dz P(z) dz '3

The most important observation is that we have d/dx(u(x)y) (as a product of the product rule) on the
left side. Now we have to integrate both sides of DE. Especially the left side is simple and the remaining tasks
are not so difficult, which will be seen on examples.

The steps to solve linear DE can be summarized as

Bring DE into standard form Z—‘Z + P(z) -y = f(x).
Identify P(x) and form the integrating factor p(z) from (12).
Multiply both sides of DE by integrating factor pu(z).

- W e

Integrating both sides of DE is simple then considering the fact on the left side is d/dz(u(z)y) to be found.

Example

Solve DE dy/dx + 3z%y = 6x2.

Given DE is linear, already in standard form, so we can locate P(z) = 322 to evaluate integrating factor wu(z):

[.L(iI)) _ ef3z2 dr _ ea:?"

The integrating factor will be used to multiply both sides of DE in the standard form. Then:
d
et Y + e 322y = e’ 622
dz
We know in advance that what will be found on the left side is a product of product rule of

d/dx(p(z) y) = d/da(e y):

4 ezsy = e 62°

dzx

Now all we need is to integrate both sides and especially the left side is trivial.

ewgy — 2" 4+ O

Example

Solve DE z%y' +zy=1, = >0, y(1) = 2.
The first step is to bring the DE into standard form, then locate P(z) in order to evaluate integrating factor

p(z):

1 1 1
y=—y=— = Px)==
T €T €T

M(%) :ef%dm :elogw -

x#0

Integrating factor has been found. Now let us use it to multiply DE:

, 1
yr+y=—
T

On the left side is product of the product rule applied on d/dz(u(z)y) = d/dz(zy) = (xy)' as anticipated. So it
is easy to integrate both sides then.




1

(zy)' = =

zy =log|z| + C

log |z| + C

Yy=——"
z

That is general solution, constant C' has to be found for supplied IV y(z = 1) = 2:

log |1] + C
o log|l| +

— C=2
1

The particular solution is then

_ logz + 2
==

Example
Solve DE ' + 2zy = 1.

The given DE is already in the standard form, so we can find the integrating factor u(z) for P(x) = 2x:

2
:efP(;t)dx :ewadw e

()
Let us use y(z) to multiply each part of DE:

.'152

y'e” + 2zye” =e
Again, what is on the left side is (u(x)y)’, thus trivial to integrate.
(') = &
ew2y: /e”v2 de + C

However this time on the right side is a function which antiderative can not be expressed in terms of
elementary functions. So it is OK to leave the member as f e” dz.

y= e ™ /eg”2 dz + Ce™

Example

Solve DE zy’ + y = z3.
If we compare this DE with linear DE (8) in standard form, we observe that given DE fits into linear DE if is
divided by x:
1
y +—y=2".
T

Now it is clear that P(z) = 1/x and we can assemble integrating factor u(z) which will be used to multiply
both sides of the DE.

As reminded, now the integrating factor u(x) = x is good to multiply DE and then (u(z)y)’ appears on the left
side.



Not much can be done when the right side is finally integrated. The solution will be left in implicit form.

1
wyzzx4+0

Example

Solve DE ¢y’ + ay = b.

DE is in the standard form, now P(z) = a, integrating factor

/I/(x) :efP(a:)da: _ efada: — i
d
a’® d_y + eaxay — a®p
XL
d
y eazy:eawb
X

And after we divide by e®* :

Example
Solve DE dy/dz = 2z — 3y, y(0) =1/3.

First we have to shuffle the members to bring DE into standard form (9) of linear DE.

W | gy —2
- =9
dz Y
'ul(m):efP(z)dw :ef?)dz :e3z
d
e3z_y+e3x_3y:e?>z_2x

dx
Again, after multiplying by u(x), on the left side is (u(z)y)’ to be found.

To integrate e’

backwards.

“r we have to use integration by parts. Integration by parts is product rule used

s =t o= [

For integration by parts there have to be one member which is easy to integrate and the other one which
is easy to differentiate. In this case we differentiate  and integrate e’ .



u=ax u’:l
1 1 1 1
3z 3z 3z 3z 3z
Jerotom |y ey Loe|meger- [getdemgee-ge

Considering given IV y(z = 0) = 1/3:

1 2 1 5
—=Z(0-=)+Ce? C==
3-30-3)+Ce = 9

Applying evaluated constant into the general solution we get particular solution for IV:

2 1. 5
y—3(m—3)+96 .

Example
Solve DE zy' +y=€", y(1) =2.

DE is not in the standard form yet.

1 1
Yy +—y=—¢€" = P(z)=1/x
T x

H(iﬂ) _ efP(z)dz :efl/zdz _ elogz —

The integrating factor u(x) was needed to multiply the DE, because that is the way how to solve it:

1
my'—&—x;y:m;ez
zy +y=e

x
—zzy=-=e
dz Y

As expected, on the left side is d/dz u(z)y = d/dz xy, which when integrated become zy:

(zy) = e
wy—/ezdw
zy=e" +C
y=—(e"+0)

Applying IV y(z = 1) = 2 brings value of the constant C' = (2 — ) and the particular solution is

1
= —_— z 2— .
Yy m(e +2—e)




First order differential equations

Exact (total) DE

We are going to deal with such types of differential equations which can be seen as a product of exact (total)
differential. For example let us have a function

f(z,y) = 32> + day + vy, then
0 0
df = — d — dy =
f= gz f@y) e+ 5o f(@,y) dy
= (6 + 4y) dz + (4o + 1) dy
is called total differential of f(z,y) and such observation helps us to solve differential equation
(6 + 4y) dz + (4= + 1) dy = 0. (13)

The first thought to solve (13) is to go back against differentiation, i.e. to integrate both members. But the case
is not the simple, since some members repeat:

/ (6x + 4y) dz = 3z> + 4y and

/(4x+1)dy=4xy+y.

So, that was an ilustrative example to outline the kind of DE we are dealing with within this chapter. Now let us
talk more in general. We are going to solve DE in standard form of

M(z,y) de + N(z,y) dy =0, where

M("Bay) = %f(xay) and N(:Z?,y) = %f(iﬂ,y)

If the members M(z,y) dz + N(z,y) dy are results of total differential, we can solve DE by finding f(z,y)
from which members M (z,y), N(z,y) were derived.

Before we can go after the solution, we have to test whether M (x,y), N(x,y) are really products of
total differential of f(z,y). If the equality

0 0

holds then the differential equation is exact and can be solved as an exact differential equation.

The next step is to find the solution itself. If we integrate M(z,y) and N(z,y) we can reconstruct f(z,y). But
as was shown, some members can come twice: once from [ M(z,y) dz, second from [ N(z,y) dy. To solve
these troubles, let us integrate M (z, y) first and let it equal to f(z,y), which is what we are looking for:

Fo,y) = / M(z,y) dz + o(u) (14)

We are near the result f(z,y), but we have to evaluate also g(y) which is a constant coming as a product of
integration. It comes from definition that if we differentiate f(z,y) with respect to y, we obtain N(z, y):

Of(z,y) 0
N €T = = - M .CC, dx + !
@) = 5 =5 [ M) do+g'0)
Since N(z,y) is given by differential equation and % J M(z,y) dz is quite easy to evaluate, we can express
wanted g(y) as

d'(4) = N(z,y) 8% [ M,y do (15)




The task remains to integrate g'(y) obtained from (15) and substitute g(y) to (14). Then the solution sums
J M(z,y) dz (in (14)) and [ N(z,y) dy (from (15)) as was anticipated from the beginning. And since some
members would appear twice, we have to evaluate and subtract them: these come from f M(z,y) dz
differentiated with respect to y in (15).

Note: above is the formal solution. The intuitive solution is just to integrate both M(z,y) and N(z,y)
and involve repeating members only once.

Example
Solve 2zy — 9z + (2yz? + 1)dy/dzx = 0.

First let us bring equation into standard form in order to locate M(z,y), N(z,y).

(2zy — 92%) dz + 2y +2* + 1) dy=0

Test, whether it is exact DE:

(2zy — 92°) = 2z, %—JZ = % (2y +z® + 1) = 2z.

oM _ 0
oy 0Oy
The test has confirmed we can solve as an exact DE.
/M(:U, y) de = /(Zwy — 92%) dz = zy — 32° + g(v)
0 0
9'(y) = N(z,y) - E» /M(m,y) de=(2y+2> +1) - E» (z’y—3z’) =2y +1
9) =y +y

Then the solution is

fla,y) = (z’y — 32°) + (y* +y) = C.

Alternative solution by intuition:

/M(w,y) dwz/(Zwy—sz)dx:x2y—3w3 + C1
/N(m,y)dy—/(2y+x2+1)dy—y2+m2y+y+02

The product 2y comes twice from both f M dx and f N dy. We locate such members and include them
to solution only once:

f(m,y):m2y—3m3 +y2 +y=0C.

Example
Solve 2zy? + 4 = 2(3 — z%y)y’, y(—1) = 8.

First let us bring equation into standard form in order to locate M(z,y), N(z,y).

d
2zy® + 4= 2(3 — z’y) d—i/
(2zy® + 4) dz + 2(z*y — 3) dy = 0

First test whether it is exact DE:




Now we can solve as exact DE.

/M(m,y) dz = zy* + 4z + C4
/N(w, y) dy = —6y + z’y* + C»
DE has the solution

22y’ + 4z — 6y =C.
Initial values y(—1) = 8:
(1) -8 +4(-1)—6-8=C — C =12

Particular solution is then

z?y® + 4z — 6y = 12.

Example

2y o (9 2 &y _ —
Solve =% 2t — (2 —log(t* + 1)) == =0, y(5) = 0.

First let us bring equation into standard form in order to locate M(t,y), N(t,y).

2ty 2
dt —2tdt — (2 —log(t* + 1)) dy=0
a1 ( g( ) dy
2ty 2
dt —2t) +dy (log(t* +1) —2) =0
(g —2) +dy(log(t* +1) - 2)

The test for exactness says that

oM _oN 2t
gy ot 241

The DE is exact so we can continue with integrating.

/M(t,y)dtz/(tffijl —2t)dt:2/(yt2:_1 —t) dt =
= ylog(t? + 1) — t* + h(y)
[ vy dy= [ (og(e® + 1) - 2) dy = ylog(® + 1) — 2+ g(0

The implicit solution is

flt,y) = ylog(t2 +1) — 2 —2y=c.

For initial value of t =5, y=0 — ¢ = 25.

ylog(t* +1) —t* — 2y =—25

is particular solution for y(5) = 0.

Example
Solve (z — 2zy + €¥) dz + (y — z* + ze¥) dy = 0.

The test for exactness says that

(16)



We can solve as an exact DE:

/M(:v,y) do =2 _ z2y + ze? + g(y)

2
d'(4) = N(z) - 3% [ Mo do= (- 2" +aer) = (=2 +ae") =y

2

Y

o) =3

The general solution is

.702 2

f(m,y):?—m2y+wey+y7+0.

Example
Solve cos y dx — (zsiny — y?) dy = 0.

The test for exactness says that

OM(z,y)  ON(z,y)
Jy N ox

= —siny.

We can solve as an exact DE:

/M(at,y) dz = /cosydm:cosy-m+g(y)

g'(y) = N(z,y) — g—y/M(w,y) dr = —zsiny +y*> — (—siny- z) =y

3

The general solution is

L 3
cosy-a:—i—gy =c.

Example
Solve (4% —sinz + y®) dz — (y*> + 1 — 3zy?) dy = 0.

The test for exactness says that

= 3y°.

OM(z,y)  ON(z,y)
Oy N ox

We can solve as an exact DE:

/M(a:,y) dz = /(4:1:3 —sinz 4 y°*) dz = * + cosz + zy®
1
/N(w,y) dy = —/(y2 +1-382y’)dy=— 2y’ —y+ay
The general solution is

1
0:m4+cosm—§y3—y+my3+c.







First order differential equations

Solution by substitution

We often convert complicated differential equations into simple differential equations by substitution. We will
deal with two types of substitutions:

+ Homogeneous differential equation, where substitution either u = y/z or u = z/y brings DE into
simplier one. E.g.

ﬁ 2 Sinﬂ:(}
dz T T
2
(1+$—2)dx+(1—£)dy:0
y T

« Bernoulli's differential equation. This kind can be converted into linear DE by eliminating y” on the right
side.

W Py = 1)y


http://math4/FirstOrder_DE_substitution_homogeneous/
http://math4/FirstOrder_DE_substitution_Bernoulli/

First order linear differential equations

Solution by substitution—homogeneous DE

Let us have differential equations e.g.

dy 'y .y
— — = —sin==0
dz T T

2
(1+%)dw+(1—%)dy:0

Both above DE can be solved by means of substitution u = /u or u = y/z.

Let us talk now about DE in the standard form of

M(z,y) de + N(z,y) dy =0

If M (z,y) and N(z,y) are homogeneous functions of the same order, then the substitution will lead
to a differential equation, in which the variables are separable.

So we have to explain the term homogeneous as well. If M(z,y) and N(z,y) can be written in form

M(z,y) = 2" - g,(u)
y

N(z,y) =z" - go(u) where u = =
T

then both members are homogeneous of order n. The substitution written as u = y/x is equivalent to y = u - x,
so we have to use

dy=duz+udx

Note: sometimes it is preferable to use rather u = z/y. In such case the test proving that substitution leads to
DE with separable variables is

M(z,y) =y" - 91(u)
N(z,y) =y" - g5(u) where u = z
Yy

Example
Solve 2zy dz + (2% + y?) dy = 0 by substitution u = y/z.
It is a good practice to test first, whether DE is really homogeneous.

y Y’
22(2=)dz +2z*(1+ =)dy=0
T ;1;2

We can locate above both members M (z, y) and N(z,y) and it is shown that they are homogeneous of the
2nd order.

M(z,y) = z* - g, (u)
N(z,y) = z” - gy (u)

y:g — y=ur — dy=duzxz+udr
x

Now we can apply the substitution and solve DE.




2
2L de+(1+ Lyay=o0
xr X

2udz + (1+u?)(duz +udze)=0
2udr +udz+duz+uizdu+udder=0
de(3u + u®) + du (1 +u?) =0

1 1+ u?
—dx + SR du=20
x 3u + u®
Note that (log |3u + u?|)" = (3 + 3u?)/(3u + u?).
1 3
log |z| + 3 log |u” + 3u| = ¢
1 3
log |z| = —glog|u +3u| +¢
c
r=———
e T 3u
P -
ud + 3u
v + 23 3u=c
3
x3 z
The last one can be simplified to
v + 32ty =c.

Example

Solve (z + y) de — (z — y) dy = 0 by substitution u = y/z.
It is a good practice to test first, whether DE is really homogeneous:
Yy Yy
z(l+ =)dz —2(1 — =)dy=0
1+ Ly de - (1~ L)y

Voluntary test shows that both M(z,y) and N(z,y) are homogeneous of the first order and we can use
the substitution to convert DE into DE, which can be solved by separating variables.

Since u = y/z, y=ur — dy=duz + udz.

(x + uz) de — (z — uz)(duz +udz) =0
dz z(1+u®) +du (z*)(u—1) =0

1 -1
—dz + Y du=0
x 1+ u?
1 u 1
= dr+ - du =0
z (1—|—u2 1+u2) b

1
log |z| + 3 log(1 + u?®) — arctanu = ¢
1 1
5 log z® + 5 log(1 4+ u?) — arctanu = ¢
1
5 log(z® + zu?) = arctanu + ¢

And if we go back against the substitution u = y/x we have the final answer

1
5 log(z® + y*) = arctan Yie
z




Example
Solve zy' — y — x sin(y/x) = 0 by substitution u = y/z.

First, let us show that the DE is homogeneous:

wdy+(—y—msinw£x)dx:0
Yy

:cdy—i—w(—g—sinasﬁx)dw:O
T Y

The DE can be recognized as a homogeneous of the first order. If u = y/x then y = ur — dy =duz + u dy.

du x + u dzx .
———— —u—sinu=0
dz
dux+udr —udr —sinuder =0
1 1
— — du+ — dr =0
sinu x
The integrating of [ 1/sinu du = —log| cos 5 | + log |sin § | is shown here as a result only with no steps.

log|cosi\flog|sini|+log|x\+c:O
2z 2z

log|tani|—log|x|—c:0
2z

tan Y = xC
2z

We can form an explicit solution

y = 2z arctan(zc).

Example

Solve (2z%y + y3) dz + (zy? — 223) dy = 0 by substitution u = z/y.

Firstly, we should bring the DE into such form, that the homogeneous type of DE can be recognized:

2 3

x X X
Y25 +1)dz+y’(=—-2=)dy=0

Y Y Y

Since we can locate y* in front of both members M(z,y), N(z,y) which depend on g, (u) and g, (u), the given
DE is homogeneous of the third order.

(2u? + 1) dz + (u — 2u®) dy =0

The trouble is we have variable u together with dx, dy. Since = uy, dr = du y + dy u. Then

(2u® +1)(duy + dyu) + (u — 2u®) dy =0

Now it is DE which can be solved by separating variables.



20’ duy + duy+ 2u’ dy + udy +udy — 2u® dy = 0

2ulduy +ydu+ 2udy=0

du(2u’y +y) + 2udy =0

duy(2u® +1) + 2udy =0

2u? 41

u_
u

2
d +—=dy=0
Y

1 2
du(u+ =)+ =dy=0
u Y

u® + log [u| + 2log |y| = ¢

u? + log |uy®| = ¢
2
z z
— +log| =y’ =c
Y Y

The solution has to be expressed in implicit form

Example

2
x
—2+log|xy|:c z#0,y#0
Y

Solve % cos % dz — (% sin yz + cos yx) dy = 0 by substitution u = y/z.

If we substitute u = y/x into DE it can be observed that it is homogeneous DE of degree of zero.

ucosu - dzx — (u ' sinu + cosu)(du z + udz) = 0

wcosu-dr —duzu ‘sinu —u 'sinu-udr —cosu-duz — cosu-udr =0

The last one can be simplified to

Example

Solve z2dy/dx — zy = y*.

We have obtained the DE
u=z/y = dex=duy+udy.

—cosu-duz—duzu!

dz(—u'sinu - u) + du(—cosu -z — zu "

—cosu —u sinu

1
— dz + du(
z

—sinu

sinu —u 'sinu-udzr=0
sinu) =0

)=0

1 1
—dzx + du(cotu + —) =0
T u

log |x| + log |u| + log | sinu| = ¢

log |zusinu| = ¢

y .y,
log |z =sin =| = ¢
r oz

ysinng.
. r

22 dy — zydz = y? dz
z? dy= (y* + zy) dz

1172

=) dy= 21—|—£dm
y(y2) y' (1)

which is homogeneous of degree of 2. The

substitution

is



u?dy = (1 + u) da

uw?dy = (1 + u)(duy + u dy)

wdy=duy+udy+uduy+u’dy
—u dy = du(y + uy)
—udy=duy(l+u)

1 1
——dy=du tu
Yy
—logly| = log |u| + u +c
x x
logly| +1log| —|=—-——+C
Y Y
logx:—z—k(}’
Y
x
loge —C'=— —
Y
Then
B x
v= C —logz
Example

Solve dy/dz = (z? + y?)/(2z?).

Note, sometimes u = y/z is convenient, sometimes rather v = z/y is convenient. In this case better to use
u=y/z — dy=duzxz+udz.

2
dy - 2z* :dx-x2(y—2 +1)
T

2z du + 2udzx = (u® + 1) dz
2z du + 2u dzx = (u® dz) + dz
2du = = dz(u® — 2u + 1)

1 1 1
_ = —.—dzx
u?2 —2u+1 2 =z
1 1 1
—zdu=—~—dw
(u—1) 2z
_ 1 1
(wu—1)du= = -=dz
2 =z
Let us integrate both sides.
1 1
—(u—1) :§log|w|+c
Y —1 1
—(=-1 = =1
(L -1 = Sloglal + ¢
1 711
Tz gpleslele
T T
1 _11 | +
y_m—2og3c c
T 11 o] +
= =log|x| + ¢
T—y 2 &
1
z = (5 loglz| +c)(z —y)
T
:{E—y
2 log|z| +c

T
y=2 - —————
s log|z| + ¢



Then y can be expressed as

y==z(1

1
%log|m|+c '




First order differential equations

Solution by substitution—Bernoulli's DE

Let us have DE

W Py = 1)y a7)

Such DE reminds us linear DE except the member y" . For n = 1 it is solvable by separating variables. For other
n it can be transformed into linear DE by means of substitution

u=y " (18)
If we multiply DE by

(1 —n)y™ (19)

the problematic member y™ on the right side will be canceled (note/hint: you may realize relationship between
above u = y'™™ and (1 — n)y"; just differentiate u with respect to y.)

(1 -y L (1 my Py = (1 - my " @)y (20)
Y (- Py = (1 n)f(z) (21)

du n
(= Py = (- n)f(a) (22)

From (20) to (21) we go against chain rule (from (21) to (20) there is y differentiated with respect to ).
From (21) to (22) we have to recognize just the substitution (18) u = y' ™™ itself.
The DE (17) has been transformed into linear DE.

Example
Solvey' +zy=z-y 3, y#O0.
We have to multiply the DE by y3 to eliminate y’3 on the right side. Let us follow the proposed way of using
substitution u =y = y' (=3 = y*. Now let us multiply both sides of DE by u’ = 4y° (see (19)).
43y’ + dy'z = 4z

d
a + dzu = 4x
dz

We transformed given DE into linear DE which is solved by means of integrating factor u(z):

,u(a:) _ efP(w)dw _ ef4wdz :e2w2
2 Z—u + e duz = ¥ 4g
i

Since we are solving linear DE, we have an experience that on the left side is d/dz u(x)u to be found:

d

2 2
(e2w )u: eZw Az
dz
2 2
Xy = /e2’” 4z dx

2 2
e2zu:e2m +Le
9.2
u=1+ce

Now let us go against the substitution to get final solution.




y4 — 1 + 06—2932

Example
Solve zy' + y =y log x.

First let us bring DE into the standard form (17):

dy 1~ ,logz
de =z T

We need to eliminate y? on the right side to convert DE into linear DE. Let us follow the proposed way of using

substitution u = y'~" = y1=2 = y~!. Now let us multiply both sides of DE by u’' = —y~2 (see (19)).

o dy 21 logz
-y d_ -Y —Y=-—

x T x
d 11 logz

dx Y r T

d 1 lo

Sde— —u=— 8%

u x x

We have linear DE with integrating factor P(z) = —1/x:

u(m) _ efP(w)da: _ eff%dz _ e logz _ -1

Now let us use integrating factor to multiply both sides:

1 du 41y logz
= _ =t
dx x x
d , log
dz (@ Ju=- x?
1 1
= e +—=+c
x x

u=1logz +1+cz
y ' =logz+1+cz
l=ylogz +y+ czy

That might be simplified into

1

yZlog:v—i—l—ch

Example
Solve dy/dz + 6y = 30e37 y*/3.

The DE is already in the standard form (17). In order to eliminate yz/ 3 on the right side, we have to multiply
whole DE by y_2/3. We will use substitution u = y!™" = y(1_2/3) = yl/g. Then we have to multiply DE by

u' =1/3y~ %3 (check (19)).

1 d 1 1
Xz y72/3 ay 4= y’2/36y _ 3Oe3wy2/3 3 y72/3

3 dzx 3
d
U 4 oyl/3 — 10
dx
d
2 L ou = 10e%
dx

Now it is linear DE with P(z) = 2 = u(z) = €?®. Let us multiply DE by the integrating factor, then we know



that on the left side we will find d/dz p(z)u:

4 e*u = e* - 10e™
dz
2zu _ E 65w Ny
5
u=2e%* + ¢
e?w

y1/3 _ 2e3x + ce72x

Then the solution is

y = (2*" + ce )

Example

Solve 6y’ — 2y = zy?, y(0) = —2.

It can be observed that the DE is of Benoulli type. However it is needed to bring the DE into standard form
firstly.

Y - y= =y
37756

The substitution has to be u = y'™" =y~ and we multiply DE by v’ = —3y~*.

) ol 1

=3y 'y = (Y (39 = -8y o ay
du _3 3
— = — =7
dx 6
L
— . = — =2
dz 6

Now it is linear DE with P(z) = 1 and the integrating factor is pu(z) = e*.

du 1
e’ —+e‘u=—e" -z

dz 2
It is expected that what is on the left side is d/dz p(x)u and you can check that is is indeed.

d T . Zl
—dweu— (& 2.’,17
€ u= 2 re axr

The integral f re®dx = xe® — e” have to be evaluated by parts.

From (uwv) =u'v + w' = v'v=(w) —w' = [v'vdr=uv— [uw'dz:

/me”v dr =

!/
v=x v =1
P ” —mez—/eg”dx—mex—e””—l—c
u =€’ u=e

1
ezu:—g(wez—ez)—l—c

1
u:fg(m71)+cefw

The general solution is then



Applying initial value to determine c:

The particular solution is then




First order linear differential equations

Numerical method to solve DE

So far we have learnt how to solve by means of direction field and we learnt how to solve analytically some kinds
of DE.

Not all differential equations can be solved analytically and we might obtain satisfying results by numerical
solution. The most simple method is Euler's method.

This method is not accurate, but its principle is obvious. For its inaccuracy is not practically used. There exist
software, which use Runge-Kutta methods.

solution curve

(x1, ¥(x1)

} CIror

(e 1)

—_

\
|
\
L(x)/ Lh%

FIGURE 2.6.2 Approximating y(x;)

using a tangent line

The curve in blue color is an unknown solution f(z) to be found and h is a step width chosen. Since we
are solving DE, we can also express from DE slope y' as a function of x,y.
From initial value [z, y,] we can move on the slope to [z1,y;]| and from that point continue to [z2,ys], ...

In numerical solutions, it is usually desirable to construct a table in which all relevant computations are
systematically recorded.

Example

Solve DE y' = 2% + y for initial condition y(0) = 1: find solution by Euler's method at
« x=0.1,

e x=0.2,

e x=0.3
with steps
A h=0.1
B. h=0.05

and compare with algebraic solution y = 3e®* — z2 — 2z — 2.

A. Solved with step h = Az, = 0.1:

Numerical methold Algebraic m.
Ln Yn Yy (CEn, yn) X Adﬁn - Ayn Yn

0 1 1 0.1 0.1

0.1 1.1 1.11 0.1 0.111 1.1055

0.2 1.211 1.251 0.1 0.1251 1.2242

0.3 1.336 1.3596

B. Solved with step h = Az,, = 0.05:

Numerical method Algebraic m.

Tn  Yn Y (Tn,y,) X Az, = Ay, Yn



0 1 1 0.05 0.05

0.05 1.05 1.0525 0.05 0.05263

0.1 1.1026 1.1126 0.05 0.0556 1.1055
0.15 1.1582 1.1807 0.05 0.0590

0.2 1.2172 1.2572 0.05 0.0629 1.2242
0.25 1.2801 1.3426 0.05 0.0671

0.3 1.3472 1.3596

In general the accuracy of the method increases as the step h decreases. But not indefinitely: if the step is too
small, rounding errors come into play.



Modeling with first order differential equations

Let us consider first some common task. Like a number of products made in a factory. We assume that each day,
the amount of newly produced goods is the same (constant). The result product from the factory is being
accumulated, but the change of goods made at any day is zero.

But in some other problems the change of amount grows/declines over time.

Radioactive decay

Transmutation of radioactive particles depends on number of such particles. The number of observed
transmutations is not constant in time, but (at given time) is e.g. 10 % of all radioactive particles. That also

reminds so called half-life: for C# is around 5600 years.

Carbon dating is used to determine approximate ages of fossilized matters. All living organism contain two

isotopes of carbon: C12 and C14. The first element is stable, the second is radioactive. Furthermore the ratio
between them for living organism is constant within any known time epoch. However once the organism dies,

the isotope C14 is being lost by radiation and is no longer being replaced.

%, ?
36 Kr
'w—@ ‘ . 9
i o v,
1 4
. s Ba

Kr

1"} 36 r Y
: % }
= W Y
J ' o & 2
139 dh .
|56 B2 . s )ﬁ )
' i b ( 90

First generation
& : 5
37 Rb. @ 2 K
Second generaticn 9
R ECIP
5 Ba

Third generation b

Transmutation is caused by either decay or nuclear reaction. Many types of decay do cause transmutation
of the decaying radioisotope.

So we have

A(t) number of particles at given time
dA/dt change of the number of particles through given timeframe

The increase or decrease of particles dA depends on number of all particles, on a constant k£ and on the time
period (the longer we wait, the more particles transmute). Then the differential equations describing events is

dA = A(t) k dt,

where k is a constant binded with given general problem. We might think of k being a physical constant.

Newton's Law of cooling/warming
The speed of cooling/warming depends on distance of temperatures.

Tg temperature of the immersed body
Ty temperature of the medium (i.e. usually constant)
(T's — T) the higher the temperature is, the faster cooling/warming proceeds

dT'g = k(TB — TM) dt

When the DE is solved, the constant k has to be evaluated. That is usually done from temperature T’z read when
the experiment starts (at ¢ = 0) and from temperature observed later.

Mixtures

The mixing of two solutions when one solution is pumped into a tank can be readily solved by differential
equations. Let us talk about brine (salt solution) in the tank, which is being released from the tank at a rate
Royr while other solution is flowing into the tank at a rate Ry .


http://catalog.flatworldknowledge.com/bookhub/4309?e=averill_1.0-ch20_s04

input rate of brine
3 gal/min

constant
300 gal

: S
output r‘ate of brine Ik
3 gal/min ]

FIGURE 1.3.2 Mixing tank

A amount of salt inside the tank (in grams)
Ry inflow: salt entering the tank (in grams) during one time unit
Royr outflow: salt being released from the tank (in grams) during one time unit

The actual change of the amount of salt in grams in the container depends on salt flowing to and from the
container:

dA = (R[N — ROUT) dt

Draining a tank

We know from hydrodynamics that the water speed at outflow is v = 1/2gh. We want to analyze the height A of
the water in given time ¢ (the purpose might be to know volume of remaining water in the tank).

FIGURE 1.3.3 Draining tank

The released amount (volume) of water depends on speed, time and cross-section of the outflow pipe:

dV = —Apv dt
dV = —Ap,\/2gh dt

Since volume V = A, h, where A,, is constant, then dV = A,, dh:

- A
Ay dh = —Ay\/2ghdt  or % S A—h /2gh

Example
Half-life of C14 is 5600 years. The ruins of a town were evaluated as from 7000 BC. How much of carbon
remains during observation?

9000 years ago the ruins contained 100 %. After 5600 years they contained 50 %. We might guesstimate, that
today it would be around 35 %. But let us do rather the math.

Because we are talking about decay, it is good practice to place minus sign into DE. It does not affect the
solution (the constant £ would change its sign).



dA=—-Akdt

1
—dA=—kdt
A

log A= —kt+c

A= e—kt+c

So we have solved the DE in advance, but there are so many letters to deal with. Variable ¢ is a time, we will
substitute time in years. Variable A(t) is amount of particles, in our case, it is 100 % at ¢ = 0 and 50 % after

5600 years. The constant ¢ will be determined from initial value and constant & (for Cl4) as well. When both k&,
c are determined, we have particular solution which fits to the case and can be used to answer the question
from the beginning.

For A(t =0) =100 % and A(t = 5600) = 50 %:

100 = e *0*¢ — ¢ =4.605 A — o 1-237x10"£+4.605
50 = ¢ FP600+H4605 o B — 1937 x 107*

Substituting ¢ = 9000 years into solution brings A(t = 9000) = 32.8 %. So, in the time of observation, there
remained 32.8 % of carbon isotope.

Note: we could also consider A(t =0) =1 and A(t = 5600) = 0.5 instead of messing with per cents. In such

. . - —4
case the solution is A = e 1:237x1077¢

Example

The population of colony doubles in 50 days. In how many days will the population triple?
First, it is a good idea to make a guesstimate by intuition. That is useful to test the final result for correctness.

If we assign A to the amount of population, then we may form differential equation

dA=k-A-dt or

dA

— =kA

dt
It says that the longer we wait, the larger the colony becomes. And the increase depends on the actual size of
the colony: regardless the colony has one or 200 members, the increase dA will double, so it has to depend on
A. There is also a constant & which has to be determined.

1
_A —_— =
d 1 k dt
logA=Fkt+c
A= ekt+c (23)

We have to determine values of two constant k and ¢ by means of initial values (IV). One IV is at the time of 50
days, the other at the time of beginning.

t=0:4A=1
t=50:A=2

Substituting IV into (23) we make two equations which determine values of k and ¢ and the particular solution
can be formed:

A= 60.01386t (24)

From the solution (24) it is easy task to get answer to initial question:

t=0:4A=1

o 3} 3= 201380 s ¢ — 79 days

Example



If 1.7 % of a substance decomposes in 50 years, A) what percentage of the substance will remain after 100 %
years? B) How many years will be required for 10 % to decompose?

One has to realize quickly that such task deals with half-time of particles. There is a (yet unknown) time in
which the amount A of particles always decreases to half: if the half-time is 1 day, each day the change dA will
be half of A.

dA=—k-A-dt or

dA
2 kA
a - "

The minus sign in above equation is less of importance. It expresses the fact that the amount of particles is
decreasing in the time. Even if we omit minus sign, the equation will still work, only the constant k will be
found negative.

A _ e*kt+c
t=0:4=100% 100 =¢ F0te — ¢ =4.6052
t=50:4=983% 98.3 —¢ K50+46052 o p — 3435.10*

The particular solution for given case is

— . —4
A=e 3.435-10* t+4.6052

Using the above solution we find the answers to questions from beginning:

A) 96.6 %

. 104
B) 90 = e 3.435-10 7" ¢4+4.6052

— t =307 years

Example

A body whose temperature is 180 °C is immersed into liquid which is kept at a constant temperature of 60 °C. In
one minute the temperature of the body decreases to 120 °C. How long will it take for the body to decrease to
90 °?

Let us assign Tp to temperature of the body, Ths to temperature of the medium. Then we can describe the
problem by Newton's Law of Cooling/Warming. The temperature of the body is decreasing. The longer we wait,
the more the temperature will decrease. The colder is the medium, the more the temperature will decrease:

dl'p = — k(TB — TM) dt or
dT'p
— = — k(T —Tuy).

p” (Tp — Tu)

In above DE k is a parameter to be found. The minus sign is to depict that the temperature is decreasing. But
even with positive sign the equation is going to work, only the constant k is going to have negative sign.

Let us solve the DE, T’ (t) is unknown value which we are after and 7T’y is a constant only (in our case 60 °C).

1
dlp =—— = —kdt
Ty —Tu
log(Tg —Tu) = —kt+c

TB — TM_Fe*ktﬂ’C

We have to solve constants k& and ¢ from initial values:

t=0:Tp=180°C = ¢c=4.787
t=1:Tp=120°C = k=10.693

Then we have Tg = Ty + e 0-6936+4.787 414 from this function we can express that answer to the question is
that the body will decrease to 90 °C in two minutes.



Example

A dead body was found within a closed room of a house where the temperature was a constant 70 °F. At the
time of discovery the core temperature of the body was determined to be 85 °F. One hour later a second
measurement showed that the core temperature of the body was 80 °F. Assume that the time of death
corresponds to t=0 and that the core temperature at that time was 98.6 °F. Determine how many hours elapsed
before the body was found.

The room temperature is a constant 7; = 70. The body temperature Tz (¢) depends on time.

The room temperature Ty =T70°F

The body temperature Tg =98.6°F t=0
At unknown time A temperature observed Tp =85°F t=A
One hour later the temperature observed Tp =80°F t= A + 1 hour

dl'g = —k(TB — TM) dt
dT's

— k(T —T

dt (T = T)
dTg
=B k(T - 70
p” (Ts )

1
— AT = —kdt
T —70  °

logTp — 70 = —kt + ¢
Tp =70+ e M

Now we have to use initial values to determine value of k, ¢ and especially A.
Fromt =0, Tp = 98.6 — ¢ = 3.353.
Fromt=A, Tg =85 andt= (A +1), Tp =80 = A = 1.6 hour.

Example

A tank contains 200 liters of fluid in which 30 grams of salt are dissolved. Pure water is then pumped into the
tank at a rate of 4 1/min; the well-mixed solution is pumped out at the same rate. Find the number A(t) of grams
of salt in the tank at time t.

If A(t) is an actual amount of salt in grams in the tank, then dA = (R;ny — Rour) dt, where Ry is a rate of
incoming salt and Royr is rate of salt being released. In our case Ry is zero. The outflow of salt at any time

is Royr = 24% A(t) in grams per second.

So we have differential equation

4
dA = (= 555 A) dt

1
dA= (= 25 A)dt

1
—50dA — =dt
50 1
—50logA=t+c = c¢c=-170
1
logA=—— (¢t
og =g (o)

And the answer is

A(t) = 30e /50,

Example

A tank contains 200 liters of fluid in which 30 grams of salt are dissolved. Brine containing 1 gram of salt per
liter is then pumped into the tank at a rate of 4 1/min; the well-mixed solution is pumped out at the same rate.
Find the number A(t) of grams of salt in the tank at time t.

What was discussed in the last example can be applied here. In addition R;y = 4 grams per second enters the



tank.

So we have differential equation

4
dA= (4 — — A)dt
200

1
A=(4—- —A)dt
d ( =0 ) d
1

——— dA=dt

4-— A

1
~50log(4 — 5 A) =t +c = c=-61189

1 1
log(d — — A) = — — (¢
o84~ o= A) = — = (t+0)
4 LA st
50
1
4— — A=234 —1/50t
50 3.4e

And the answer is

A(t) = 200 — 170¢ /%%,

Example

A tank of 100 1 contains 30 g of salt. Fresh water comes at 3 I/min and flows out at the same rate. Find the salt
content after 10 minutes.

We know that the change of amount of salt A(t) can be described by DE

dA = (R[N — ROUT) dt
where Ry is a salt in grams on inflow and Royr is a salt in grams on outflow. Now we have to ask how much
is Rry and how much is Royr. Since fresh water is coming into the tank, Ryy = 0.

3

In one minute, 3 from 100 litres are released, i.e. 100

Rour = % A(t)

Let us make the differential equation:

A(t) in grams of salt are released every minute. So,

3

dA=(0— — A(t)) dt
(0~ = A(t)
1 3
—dA=——dt
Ad 100

3
log | Al —Wt—i—c

A(t) _ e—3/100~t+c

The solution is here, we have to find constant c¢. That will be done from initial value at the time
t=0: A(t =0) =30 grams.

30 = ¢ 3/1000+e o 03401 —
— A(t) = e 31003401

The question from the beginning asks for salt content after 10 minutes:

Example



A tank holds 300 1 of liquid in which is 50 g of salt. Another solution is pumped into tank at the rate of 3 1/min,
its concentration is 2 g/l.

The solution is pumped out at the rate of 2 1/min.

Describe the problem by DE, if A(t) is amount of salt in grams in the container at any time.

Again we have to determine Ry, which is inflow of salt in grams per time unit. In this case R;jy =3-2 =26
g/min.

Again we have to determine Royr, which is the outflow of salt in grams per time unit. In this case, in one
minute, % A(t) grams are flowing out. Since 3 l/s are on inflow and only 2/1 on outflow, the volume is now
function of time: V(¢) =300 + 1 - ¢.

2 2

or

dA 2

2 e —2 A
dt 6 300 + ¢ (®)

Example

The case like the above case, but the water flows out at 3.5 I/min.

Not much has to be changed compared to the previous example. Only this time the volume is decreasing:
V(t) = 300 — 0.5¢. Then

3.5 3.5
dA = (3-2— mA(t)) dt = (6— mA(t)) dt

or




Higher order differential equations

Examples:

y// + 3y/ +y= 0
y" +2y" —y —2y=0 homogeneous linear DE
2,1

zy" + 2y —y=0
y// + 3y/ ty= 4
y" +2y" —y — 2y=12€" nonhomogeneous linear DE

wzy// + :ry' —y= 1

The general description of higher order linear differential equations is

n n—1

dw}{ + an1(@)

Yy
d.’l?n71

Homogeneous DE, which has zero member g(z) on the right side, is associated with non-homogeneous DE.

an(2) bt ai(e) L+ a@)y = o) (25)

Initial conditions

Example:
y(1)=17
y'(1)=0
y"(1)=0

For first order DE we had only one pair of initial values. For higher order DE, initial conditions have to pass
given point z¢ and fulfill prescribed values y(zo), y'(z0), ¥" (z0), ...

y(aso)— Yo
yl(ﬂvo)_ N
n
Y (z0)= v

yn—l (iEo): Yn—1

Existence of unique solution

If all coefficients a,(z) and g(z) are continuous functions on an interval I containing ¢ and a,(x) # 0 for
every = on interval, then linear DE has one and only one solution y = y(m) which satisfies set of initial

conditions y(wo) =y, ¥ (z0) =v1, .-, ¥" (@) = Y1

In many cases, knowing that a unique solution exists is more important than the solution itself.

Example

Differential equation z2y” —2zy’ +2y=6 has a solution y=cz? +x+3 for initial values
y(0)=3,y'(0) =1.

Let us observe an(z), i.e. az(x). Because az(x) is zero for ¢ = 0, the solution is not unique for given initial
values. We can test, that every c satisfies solution. There is no unique solution.

Example
Differential equation (z — 2)y” + 3y = x with initial values y(0) = 0,y'(0) = 1.

We are able to find an interval (—oo;2) where az(x) # 0. Since x( belongs to that interval where as(z) # 0,




there exists unique solution then.

Example

Find the largest interval where differential equation (t> — 1)y” + 3ty’ + costy = t with y(0) = 4,3’ (0) =5 is
guaranteed to have a unique solution.

We have to use theorem of unique solution. The theorem states that all coefficients ag(z), a1(z), ..., an(x)
have to be continuous on given interval. If a,, (z) = 0 at a point within the interval, then continuity is broken.

Note: there is an analogy with equation yz =1 = y = 1/z. If z = 0 the value is not defined and the function
is not continuous.

In our case for o =0 there exists an interval (—1;1) where ao(z), ai(z), az(z) are continuous and

an(z) # 0 for any ¢ from the interval.

Superposition principle

Lety;, Y, ..., Yy be solution of the homogeneous n-th order DE. Then the linear combination

y=c1y;(z) + cayp(z) + - + cryg(z)

with arbitrary constants ¢,, is also solution.

Example

If e 2% is a solution of given DE y’ + 2y’ = 0, then ce 2

” is also solution.

Example

Ify, = z? and Yy, = e” are both solution of given DE, then y = c1z? + c2€” is also solution.

Linear dependence and independence

A set of functions f, (z), fy(x), ..., f,(x) is linearly dependent on an interval I if we can find constants ¢y, c3,
..., ¢, (not all set to zero) such, that

cifi(z) +eafo(z) + - +eafy(z) =0

for every x in the interval. If the set is not linearly dependent on the interval, it is said to be linearly
independent.

Example
filz)==2 T
Can we find some constants such, that the combination is zero?
fo(z)= -3z
C1= -3 .
. fi(z) and f,(x) are linearly dependent
co=
Example
A@)=2 L o we find h, th - interval?
£ (@)= e an we find some constants such, that ¢ f; (z) + c2 f5(z) = 0 on an interval?
,(2)=

Cannot = f;(x) and f,(x) are linearly independent.

Example



fi(z)=0

) Can we find some constants such, that ¢; - 0 + c2 sinz = 07
fo(z)=sinz

If c; =0, then ¢; can be nonzero and 0 =0 for every = on interval. Thus f,(x) and f,(z) are linearly
dependent.

Wronskian

When solving DE, we are interested into linearly independent functions. There is a mechanism how to
resolve whether given functions are independent:

The Wronskian is a determinant, which consists of a set of functions f;(z), fy(x), ..., f,(x) which passes at
least n — 1 derivatives.

fi(z) o) o ful@)
fi(z) falz) o fal2)
W(fl?fz,"'afn): : . :
@) 7@ @)
The set of functions f;, fy, ..., f, is linearly independent if W(f,, fo, ..., f,) #0 for every = in the
interval.
Example

Test whether £, (z) = €3¥ and f,(z) = e 3® are linearly independent functions.

e3:c e—3x

3% 3%

W(f17f2):

_ 6339(_367329) _ 673:2 . 3e3m —_3_-3=-6

W # 0 = the two functions are linearly independent.

Solution of DE of higher order

Homogeneous DE

The homogeneous DE of order n has a fundamental set of linearly independent solutions y;, ¥s, ..., Y,-

General solution is then linear combination of solutions from the set

Y(x) = c1y; () + cayp () + - -+ + cny, (2)

Above function y, is solution of homogeneous DE and is also called complementary function. The higher is
the degree of DE, the more functions is involved. For example, if DE is of 2nd order, then y.(x) consists of two
independent solutions.

Nonhomogeneous DE

The nonhomogeneous DE has a solution

y(z) = y.(z) + y,(z),

where y, () is a solution found for associated homogeneous DE (above) and yp(a:) is a particular solution of the
nonhomogeneous DE.

Example
y" + 4y’ + 4y = 42% + 6e” is nonhomogeneous DE.
Associated homogeneous DE is y” + 4y’ + 4y = 0, which has a solution y,(z) = (c1 + coz)e >*.

The general solution y(z) = y.(z) + yp(a:) involves solution of associated DE and also particular solution for

given nonhomogeneous DE (see member 4z2 + 6e”; it will be explained in other chapter where yp(m) comes
from):




y=(c1 + e a:)e_2”” + complementary function

2 3 T . .
+z° —2x + 3 + 3 e particular solution




Higher order linear differential equations

Solution of homogeneous DE

We will investigate two cases:

1. DE with non-constant coefficients ao(z), ai(z), ..., an(z)
Example: (222 + 1)y” — 4zy’ + 4y = 0 (coefficients are function of ) and

2. DE with constant coefficients ag, a1, ..., an
Example: y(4) +2y" +y=0.

In actual practice equations of the first type have solutions, which are usually not expressible in terms of
elementary functions. And even if they are, it is extremely difficult to find them. We will show how to find the
other solution y, () for DE of 2nd order assuming we have one solution y, () already.

If the coefficients are constant as in the second case, then the solution can be readily obtained.


http://math4/HigherOrder_DE_reduction_of_order
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Higher order linear differential equations

Solution by reduction of order for linear DE with non-constant
coefficients

Example: we want to solve

$2y// + xy/ —y= 0

Such DE might be difficult to solve, since it has non-constant coefficients. However, sometimes it is possible
to find at least one solution (in above case y, (w) = z) and then use method described further to derive
the second solution y, (z) from the first one.

The method can be used for higher order DE and will be shown on 2nd order DE. The aim of this chapter is to
bring a generalized convenient formula, which can be used to get y, () readily from y, (z).

The differential equation is linear but with non-constant coefficients. First, we bring DE
az(z)y"” + a1(x)y’ + ao(x)y = 0 into standard form

y" + P(z)y + Q(z)y=0 (26)

Let us suppose that we have one solution already (y, (z)). Either it is given or easy to find. We want to find the
other solution y, (z) of given DE. Since y; (z) and y,(z) are linearly independent, we can express y, as

Yo (2) = u(@) - y1(2). (27)

Let us differentiate y,(z) two times

yy(2) = u'y, + uyg
yy(z) = u"y, +u'y) o'y Huyl =y + 2u'y] + oy

and place the products into standard form (26) of DE:

[w"y; + 2u'y] + uy)] + [P(x)(u'y; + wy))] + [Q(z)uy,] = 0 (28)
u(y! + Py, + Q(z)y;) + vy, +2u'y) + P(z)u'y; =0 (29)

The content of parentheses in (29) is known to be zero, because y; is a solution of homogeneous DE (26).

yu' + 2y1u' + P(z)y;u’ =0
yiu” +u'(2y) + P(z)y,) =0 (30)

Reminder: y; and y; are known, we are solving u. Let us use substitution w = u':

yw' +w(2y] + P(z)y;) =0 (31)

The last equation (31) can be solved by separating variables:

dw
y1%+w(2y{+P(zv) y;) =0

1
dw—+dw(2y—+P( z)) =0
1

log w + 2/—1 dz + /P(m)dx =0 (32)
Y1
The integral [(y’/y)dz might be something unexpected to solve, but is not difficult. Since y' = (dy/dz)

1 1
/—d /@—dat—/—dyzlogy.
Y

Let us continue from (32):




log(wy?) = — /P(m)dw +c

wy12 _ effP(a:)derc _
_ CeffP(z)dz
e—fP(w)dz
w=c—7F—
Y1
effP(x)dz
u=:ac /_2 +c2
Yp

We are looking for linear independent function and we will place arbitrary constant with y, and y,. So ¢;, ¢
are not much of our concern:

u(m):/%dm and (33)
Y(2) = u(z) - 3 (2). (34)

Equation (34) above is our expression (27) of y,(x) in terms of u(z) and y, () from beginning of the lesson.
Formula (33) is then an important equation expressing u(z) in order to find the other solution y, (z).

Example

Solve z2y" + xy’ —y = 0 if y; = z is known to be first solution.

The reduction of order method is able to find y,(z) from first solution y, (x). First we need to bring DE into
expected standard form:

1
V' b=y —=y=0 z#0
X
1 1 1
Y+ =y -—=y=0 —=P(z)
€T €T x

y; (z) T
Y = S
—/w—2d$——/$ dm——Ex
1 ., 1 -1
y2(m):u(:c)-y1(;z:):—§x w:—E:c =z

Since we have both y, () and y,(z) we can collect complete complementary solution

Ye(z) = a1z + coz ™!

Example

Solve DE (222 + 1)y” — 4zy’ + 4y = 0 if y; (x) = z is known to be first solution.

This DE is linear with non-constant coefficients and is hard to solve. However because we know the first
solution y, (z), we can use above method to find y,(x) and complete the solution.

The method was derived from DE in standard form, let us bring DE into standard form then:




"o 4z y/ + y=0
(222 +1) (222 +1)

— [—4z/(222+1) dz log(2z2+1) 222 11

y12 2 2

1
u:/2dac+/—2da::2xm1
T

yo(z) =2 - (22 —2 ') =227 — 1
y.(z) = a1z + (22 — 1)

Example

Use the reduction of order method to find general solution of DE z2y"” — 2y’ +y =0, Y =T

We have to find y,(z) = u(x) - y;(z). From above DE, which was brought into standard form we will take

P(z)=—1/z.
— [ P(z)dz —[-1/zdx logz 1
u(x)—/e—gdw—/e—2d$—/62 d:c—/—dw—log|m
h x T x

Yo () = u(z) - y; (z) = log x|z
y.(x) =ciz + c2log|z| -

Example

Use the reduction of order method to find general solution of DE y” + 9y =0, y; = sin 3z.

We have to find y,(z) = u(x) - y;(z). From above DE, which was brought into standard form we will take
P(z) =0, becaue member with y" is missing.

— [ P(z)dx 1 1
e
u(z) / 72 x / S’ 30 T= o

1 cos3x

v() =ulz) w(2) = gar sinde = — 3 o7

y.(x) = c1 sin 3z + ¢3 cos 3z

1
sin 3z = — g cos 3x

Example

Use the reduction of order method to find general solution of DE z%y” + zy' — 4y = z3, y; = 2.

Note: you might be not able to understand this example, because although the example is solved by the method
explained above, it also expects some knowledge from chapters behind.

You may wonder where the solution 22 comes from. But if we study the associated homogeneous DE, it has to

be not too difficult to try a few simple solutions like y =z, y = ¢;, y = 22 and test, whether they are the
solution or not. Then we can use the method to derive the next solution y, .

Note: it can be also observed that the DE can be solved as a Cauchy-Euler DE.

To use the reduction of order method we have to bring the DE into standard form to find P(z).
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Now we can evaluate u(z), once we have u(z) we use it to multiply y; in order to get the other solution
Yy = u(z) - y1 ().

— [ P(z)d= —[1/zda 1 1
u($)—/62—dx—/e—4d:v—/Lfdw—/x_5d$———w_4
yi (x) x x 4

1

The constant — .

can be lost, because an arbitrary constant ¢y will be included anyway.

1 _ 1 _
v =u(@) @) =— ot o

y=ciz’® +cox > + Yp

The task remains to find y, since DE given to solve is nonhomogeneous. That can be done by method of
undetermined coefficients. We might assume that the particular solution is going to be in the form of

Yp = Az? + Bz + C, then evaluate yj), yj, substitute to DE in order to find coefficients A, B, C. But you will
observe soon that it does not lead to a solution. That is because we deal with the second type (the member g(z)
contains a member from y.). The next attempt to assume y, = Az® 4 Bz? + Cz + D brings the constants

A=1/5, C =0, D=0 and then the general solution is:

1
y:clm2 +02w72 + g:c3.
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Higher order linear differential equations

Homogeneous DE with constant coefficients

Example: we want to solve y” + 2y” — vy’ — 2y =0. We will show, that it leads to solution of polynom
m?® + 2m? — m — 2 = 0 and the solution involves members y = e™* .

We have learnt from linear DE of first order that the solution contains member e™* . Without going into details,
let us say that the possible solution of differential equation

any™ +an 1y" -+ ary +ay=0 (35)
is

y=em". (36)

For what value of m will (36) be a solution of (35)?

n n—1

d
e e™ + an_1 T e™ + ... a1 T e™ 4+ ape™ =0. (37)

an

k

Since k-th derivative of e™* = m"e™", we may rewrite (37) to

anm"e™ + an_1m" te™ + .o + arme™ + age™ =0 (38)

Let us divide (38) by e™* to obtain auxiliary (characteristic) equation:

anm™ +a" Tm" 1+ ... faim+ag=0. (39)

The task diminished to an algebra task of finding roots m. We have to deal with the facts that

1. We can find roots of quadratic equation az? + bz + ¢ = 0, but it is not a simple task to find roots of higher
order polynomial equations.

2. There are 3 possibilities what kind of roots might occur:
A. Roots are distinct and real (e.g. m; =1, ma = 3)
B. Some of the roots repeat (e.g. m; = 2 and my = 2)

C. Roots are imaginary (e.g. mi; = 11 + 2¢, mo = 11 — 217)
The imaginary roots must occur in conjugate pairs « & i3

A. Roots of auxiliary equation are real and distinct
The solution consists of functions y; = e™%, y, =e™%, ..., y, =e™" or

miT moI myx
y.=cie ' +coe T + -+ cpe .

Because the roots do not repeat, is is given that above terms are linearly independent.

Example
Find the general solution of y” + 2y" — ¢y’ — 2y = 0.

We construct the auxiliary equation:
mi+2m? —m—-2=0 = m={-2,1,-1}.
The solution is

) _
y.=cie ““ +coe” +cze .




Example
Find particular solution y(z) of ¥ — 3y’ + 2y = 0 for which y.(0) = 1 and y2(0) = 0.

Auxiliary form is

m? —3m+2=0 —= m={1,2}.
y.(x) = c1e” + e

yi(z) = cre” + 2cye2®

Substitute initial values:

co =—1

lzcleo—l-(:geo c1 =2
0= cle0 + 20260

Substituting constants into complementaty function y, we have particular solution for given initial values:

y, = 2" — ¥,

B. Some roots are multiple

Even if the roots repeat, the members of solution can not repeat. Because we expect only functions, which are
linearly independent. It can be shown (reduction of order method), that if roots are m; = my, the solution is
e™?T 1 pe™®,

In general it can be shown that if auxiliary equation has a root m = a which repeats n times, then the general
solution is

y, = (c1 + cax + c3z® + ... caz™)e™.

Example

Find the general solution of y(z) of y*) — 3y" + 2y’ = 0.

m* —3m? +2m=0 —= m=1{0,1,1,-2}

Y. = c1e” + coe® + csre® + cpe”

Y. =c1 + ce” + czze” + cie

C. Roots are imaginary
The imaginary root must occur in conjugate pairs: if o + f is one root, another root must be o« — 8.

If roots are complex o + i3 then the solution is

Y, = cle(a—iﬁ)z + CQe(a—Hﬂ)w.

We usually do not want to work with complex numbers. The solution above can be written also as
axr (

Y. = e**(c1 cos Bz + c2 sin Bz).

Example

Find the general solution of y(4) +2y" +y=0.

m*+2m®* +1=0 or (m*+1)’ =0 = m={i,4,—i,—i}

Since complex number has a form « =+ i3, we have § = 1 and the number repeats.




Yy =cre” + ¢ +czex + e

(c1 + c3)ze™ + (co + ca)ze ™

Ye

or
_ 0 : 0 .
y.=e (crcosx + casinz) + e x(c3 cosz + ¢4 sinx)

Y. = (c1 + c3z) cosz + (c2 + caz) sinz

Problem solving

Example
Solve y" + 4y’ + 4y = 0.

m?+4m+4=0 — m={-2,-2}

y= cre 2 + coze

Example

Solve y4) — 24" = 0.

m* —2m? =0
(m —v2)m? =0 = m={-v2,v2,0,0}

-2z 2z 0

Y. = c1e + c2e +03eo + cyxe

Yo = cre V4 eV + e + cuz

Example

Solve y" — 2y’ + 5y = 0.

m?> —2m+5=0 = m={1+2i,1-2i} (a=1,8=2)

(142i)z (1-2i)z

Y. = cre + c2e

Y. = €”(c1 cos 2z + cp sin 2x)




Higher order linear differential equations

Undetermined coefficients

So far we have dealt with homogeneous DE, e.g.

y' =3y +2y=0
When we found the complementary function y,(z), we got the general solution y(z).

y(z) =y, () = c1€” + c2e™®

Now we have to deal with nonhomogeneous DE, e.g.

y' -3y +2y=2 +sinz
The DE above has right side of g(z) = + sinz or g(z) # 0 = DE is not homogeneous.

In this case the general solution consists of complementary function y,(z) and also of particular solution yp(m).
We showed how to find y, () already in previous lesson. Now remains the problem of finding y,,(x).

Method of indeterminate coefficients (superposition and annihilator
approach)

There are restrictions to use the methods. The function g(z) has to have members such is a, z*, e, sin azx,

cos ax and their combinations. These functions have finite number of linearly independent derivatives.

For example z*® has a finite number of linearly independent derivatives: 3z2, 6z, 6. The same can not be said
about z !, which has infinite numbers of linearly independent derivatives.

Methods are described further:

« Superposition approach
e Annihilator approach
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Higher order linear differential equations

Undetermined coefficients—Superposition approach

The method deals with the task of finding particular solution yp(:z:) once we have complementary function
y.(z). General restrictions and type of DE which are being solved are covered in a overview of Undetermined
coefficients method. We have to examine right side g(z) of DE and compare its members against members
within y,(z):

1. No member in g(z) is the same as a member of y_.(x).
The particular solution then involves all members of g(z) and its derivatives.

2. g(x) contains a function which is z* times a member within y,_ ().
In such case particular solution yp(a:) has to be based also on that member but multiplied by z**", where
value of r (typically 1 or 2) has to be decided during solution.

Finally the arbitrary constants for the above members (forming yp(ac)) have to be found and that will be
explained rather on examples.

Example

Find the general solution of y” + 4y’ + 4y = 4z + 6e€”

Short observation tells us it is linear DE with constant coefficients so it will be simple task to find y (z) by
means of auxiliary equation. It is also seen that there are members on the right side so it is nonhomogeneous
DE and we have to find y,, using method of undeterminated coefficients.

Let us construct auxiliary equation to find y,(z):

m?+4m+4=0
(m+2)(m+2)=0 = m={-2,-2}

y.(z) = cre 2 4+ coxe

Note: no member observed within g(z) appears in complementary function. Therefore the solution of yp(:v) is
simple and straight-forward. Particular solution yp(:v) will consist of 22, e® and its derivatives (z, 1):

y,(z) = Az® + Be* +Cz + D

We have to find proper A, B, C, D to complete particular solution. The coefficients will be obvious when we use
the particular solution yp(m) within DE (we know that y, (z) is a solution of DE so there is nothing wrong with
that). Let us prepare its derivatives and let us feed them into DE then.

yp(x) 2Az + Be” + C
yp(z) = 2A+ Be”

Now substitute y, (), y;(z) and y (z) into DE

v+ 4y + 4y = 42” + 6€”
(24 + Be®) + 4(2Az + Be® + C) + 4(Az’ + Be® + Cz + D) = 4z + 6e”

Now let us collect the same members of yp(a:) together to find out values of constants:

z%(4A) + €" (B + 4B + 4B) + z(8A + 4C) + 1(2A + 4C + 4D) = 4z* + 6¢”

4A=4 A=1

9B =6 B=2/3
—

8A+4C =0 C=-2

24 +4C +4D =0 D=3/2

General solution y(z) = y.(z) + y,():
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3 2
y(z) = cre ™ + coe P + 2® — 2z + 3 + 3 e’.

Example

Solve DE y" + 3y’ + 2y =sinz.

m?*+3m+2=0 =— m={-1,-2}

Y, () = cre™® + coe

Particular solution y,(z) contains sin z and its derivatives:

Y,(x) = Asinz + Bcosz
Now the task is to find A and B which satisfy DE:
yp(x) = Acosx — Bsinz
yp(z) = —Asinz — Bceosz

Let us substitute y,,, yp and y; into DE:

(—Asinz — Bcosz) + 3(Acosz — Bsinz) + 2(Asinz + Bcosz) =sinz

Now we collect all cos z and all sin « together to determine A and B:

sinz(—A — 3B+ 2A) + cosz(—B+ 34+ 2B) =sinz —
(—3B + A)=1 A=1/10
—
(34 + B)=0 B=-3/10

The general solution is

1
y.(z) =cre”™ + coe 4+ i sinz — 0 cos T

Example

Solve DE y” — 3y + 2y = 222 + 3e>*.

y.(z) = c1e” + cae™

Particular solution y,(z) has to involve all members from g(z) and its derivatives. The issue is that member
e?® is already included within y.(x) and has arbitrary constant. Therefore we have to involve also xe?®, If

we do not include that member, De?* will cancel each other within the left hand side, because it is known to be
one of the solutions of associated homogeneous DE. Then it would be not possible to express D. So now we

have the case 2 from lesson (e?* = z%e%?).

Y, () = Az® + Bz + C + De** + Exe™

Simetimes the first order still does not lead to solution and higher orders might be required (ar:2 ).

y,(z) = Az® + Bx + C + De* + Exe™

yp(x) = 2Az + B + Ee*® + 2Exe™

yl(z) = 24+ 2Ee*™ + 2Ee* 4 4Fze™ =
= 24+ (2E + 2E)e™ + 4Eze™

After substituting y,,, yp and y, into DE:



2A + 4Ee* + 4Eze™ —
—3(24z + B + Ee** + 2Eze™) +
+2(Az® + Bz + C + Eze™) = 227 + 3™

Now we collect all members of the same kind together:

e’ (4E — 3E) +

24=2 A=1
+ze* (4F — 6E + 2E) + b Bs
+24z2 + = =
+2(—6A + 2B) + —64+25=0 C=1/2
1124 -3B+20) = 2%+ 3™ 24-3B+20=0 B=3

The general solution is

7
y.(z) = c1e” + coe®™ 4 z* + 3z + 3T 3ze®

Example
Solve 3" + 3y’ + 2y = 12¢”.

m?+3m+2=0—= m={-1,-2}

y.=cie * + coe
y, = Ae”
yp = Ae”
yp = Ae’

Ae” + 3Ae” + 24e” = 12¢€”
e’ (6A4) =12e”
6A=12 =— A =2

T

Y, = 2e

—2z

y=y. +y,=cie " +cae " + 2" (40)

Example
Solve y" + 4y’ =z + sin2z.
m?4+m=0—= m=1{0,-1}

y.=cre " + coe’
y.=cie "+ e

The constant member (B) has to be avoided within Y, because it is used by y, with arbitrary constant. If we
use members with A, C and D, we are not able to cover x on the right side (there will be no member z on the
left side once we substitute Yp into DE). That is the reason, why member Ez? has been introduced as well.

Member z from (g(z)) is ¥ times member 1 from y,. We have to include also x> into particular solution (see
case 2 from the lesson).

y, = Az + B +Csin2z + Dcos2z +Ez?
Yp A 4+ 2C cos2x —2Dsin2z +2FEx
yy = —4Csin2x — 4D cos2x +2F

Substitute y; and y, into DE:



(—4Csin2z — 4D cos 2z + 2E) +
+(A + 2C cos 2z — 2D sin 2z + 2Ex) = z +sin2z
z(2E) + 1(A + 2E) + cos 2z(—4D + 2C) + sin 2z(—4C — 2D) = z +sin2z

After solving 2FE =1 = E = 1/2 and so on, the solution is written as

1
y:clefx+02+§:v2 -z — gsin2m—1—0cos2m.

Example

T

Solve 3" — 3y’ + 2y = ze *.

Solving associated homogeneous DE gives

Y. =cie’ + coe”.

Building the particular solution from members of g(z) and its derivativess:

y, = Aze * + Be™*

yp = A(l-e* —ze ) —Be ¥ =

Ae ™ — Aze ™ — Be " =

e “(A— B)ze “(—A)

yl = —Ae® —A(l-e® —ze ®)+Be * =
= —Ae " —Ae "+ Aze " + Be " =
= e “(—2A+ B) + ze “(A)

Solving constant A and B for such values which satisfies DE:

e “(—2A+ B) +ze " (A) —
—3(e"(A—B)+ze "(—A)) +
+2(e " (B) +ze “(A)) = ze

e “(—2A+B—-3A+3B+2B)+ze “(A+34A+2A) = ze ”
e “(—bA+6B) +ze “(64) = ze ”

—5A+6B =0
64 =1

After solving A and B we get the solution

1 5
21‘_'__%671_’__6793

6 36

y=-cie® + coe

Example
Solve y" +y' = z? + 2z.
Solving associated homogeneous DE gives solution
Y. =c1 + ce .
Let us prepare y,,, yp and yj :
Yy = Az? + Bz + C + Da?

Yp 2Az + B + 3Dz?
yl = 2A+ 6Dz

(41)



Let us discuss those 3 above lines. The member C' is already in y, with arbitrary constant c1, so it makes no
sense to find value of B. If we feed y, and y, into DE, we will observe that we can not pair member z? from
the left to the right side. So we have to use also member x5 . Members x, z2 are z* times member of Y-

(2A + 6Dz) + (24z + B + 3Dz*) = z® + 2z
1(2A + B) + (6D + 24) + 2*(3D) = 2 + 2z

24 + B=0 A=0
6D +24=2 y = B=0
3D=1 D=1/3

And general solution is

y=c1 +coe ¥+ —2x°.




Higher order linear differential equations

Undetermined coefficients—Annihilator approach

This is modified method of the method from the last lesson (Undetermined -coefficients—superposition
approach). The DE to be solved has again the same limitations (constant coefficients and restrictions on the
right side). Annihilator approach finds y. and y,, by means of operators explained further. Finally the values of
arbitrary constants of particular solution have to be found as was explained.

Prior to explain the method itself we need to introduce some new terms we will use later.

Differential and Linear differential operator

An operator is a mathematical device which converts one function into another. For example the operator ’
(differential operator) converts f(z) into a new function f'(z). [ f(t) dt converts f(t) into new function F(z).

We also use letter D to denote the operation of differentiation. D is called differential operator.

Dy =y
Dly — yl
D2y _ y//
D'y = y

Linear differential operator
If we use differential operator D we may form a linear combination of differential operators of orders 0 to n:

ap +a1D+asD+---+a, D"

Thus we a have a handy tool which helps us also to generalize some rules into sample manner. For example if
we work with operator in above polynomial form, we may rely also on polynomial behaviour, e.g.:

(D +2)(D+3)= (D +3)(D+2)=(D*+5D +6),
(D? + 3)(23 + cosz) = D*(2® + cos ) + 3(x> + cos x)

Annihilator operator
If L is linear differential operator such that

L(f(x)) =0
then L is said to be annihilator. For example
+ if y = k then D is annihilator (D(k) = 0), k is a constant,
« ify =z then D? is annihilator (D?*(z) = 0),
o ify=2""! then D" is annihilator.
D™ annihilates not only ™!, but all members of polygon

co+caz+ez++eq1z™ !
A function e** is annihilated by (D — «):

(D — a)e*™ = De™ — ae™ = ae®™ — ae™ =0

(D — «)" annihilates each of the member

(D? + B?) annihilates cos Az and also sin Bz:

(D? 4+ B*)cos fr =0, (D*+ B?)sinfz=0.

We are often interested in annihilating a sum of two or more functions y,, y,, ... It can be shown that
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+ if L(y;) = 0 and L(y,) = 0 then L annihilates also linear combination c1y; + cay,.
+ if Li(y;) = 0 and La(y,) = 0 then L; Ly annihilates sum c1y; + c2ys.

Example:
7 —x is being annihilated by D?
sindx  is being annihilated by D? + 16

Then D*(D? + 16) annihilates the linear combination 7 — z + 6 sin 4z

The differential operator which annihilates given function is not unique. For example D? (z) = 0. But also
D? (x) = 0. We want the operator of the lowest possible order.

Solving nonhomogeneous DE

Homogeneous high order DE can be written also as L(y) = 0 and nonhomogeneous as L(y) = g(z) where L is a
proper differential operator.

Example:

y" +3y +2y = 0 canbe written as
(D> +3D+2)y = 0

The right side containing g(z) can be annihilated by L; :

L(y) = g(z)
LiL(y) = Li(g,)) right side is being annihilated
LiL(y) = 0

If we solve L1 L(y) = 0 we get an instance of solution y =y, + y,,.

Then we have to distinguish terms which belong to particular solution y,, and find constants for all these terms.

Example
Solve y +4y' +4y=2x + 6
Step 1

This step is voluntary and rather serves to bring more light into the method. We will find y, as we are used to:

m?+4m+4=0 —= m={-2,-2}

Yo = cre ¥ 4 coze

Step 2
Apply annihilators against g(z).

(D* +4D +4)y = 22+ 6
D?*(D? 4+ 4D + 4)y = D*(2z + 6)
D*(D* 44D + 4)y = 0

m*(m? +4m+4) = 0 = m={0,0},{-2, -2}
It can be seen that the solution m = {—2, —2} belongs to complementary function y, and m = {0, 0} belongs

to particular solution y,, .

y= cie 4 coze ® + c3e” + cue’z

y= cre ™ 4 coze ® + 3 + e

Step 3

The particular solution is not supposed to have its members multiplied by arbitrary constants. We have to find
values c3 and c4 in such way, that the solution satisfies DE. To do so, we will use method of undeterminated
coefficients as in previous lesson. We know that y,, is a solution of DE. So we can feed y, = A + Bz and its

derivatives into DE and find constants A, B: A=1, B= %




1
y=1+ ki + cre?® + cpe Pg

Example

Solve y" —y" + 9y —y=xze® —e* + 7

Step 1
m3_m2_|_m— =0 :}m:{]_’i,_i}
Yy, =cie” +cacosx + c3sinx

Note that the imaginary roots come in conjugate pairs.

Step 2
Apply annihilators against g(z).

(D -D*+D—-1)y = ze" —e “ 47
DD +1)(D-1)*D*-D*+D—1)y = DD+ 1)(D—1)*(ze® —e ® +7)
DD+1)(D-1)*D*-—D*+D—-1)y = 0
mim+1)(m—1)2*m* —m? +m—1) = 0 = m={1,4,—i},{0,-1,1,1}

Yy, () = Ae + Be™ + Ce*z + De"z?

In step 1 the members of complementary function y, are found from auxiliary equation. However even if step 1
is skipped, it should be obvious which roots belong to y, and which roots belong to Yp from step 2 itself.

After expressing y, and y, we can feed them into DE and find constants A, B, C' and D of particular solution.
Finally we can form

_ T . —x 1 T 1 2
Yy, =cie’ +cacosxr +cysine — 7+ —e F ——ze' + -z

x
4 2 4 C

Example
Solve y" —y' +y =22

First we rewrite the DE by means of differential operator D and then we have to ask, what is annihilator for 22
on the right side? Is it D? It is not: D annihilates only a constant. We have to use D? to annihilate z2.

D?y+ Dy +y = z*
D*(D*y+ Dy +y) = D*(2?)
D*(D*y+ Dy +y)=0
m*(m? +m+1)=0
The member m? belongs to the particular solution Yy, and roots from m? +m + 1 will form complementary

function y,.. To find roots we might use calculator able to solve quadratic equation or we might use quadratic
formula being taught at high school.

The found roots are m = {0, 0, 0, — 1/2 +i4/3/2, — 1/2 —i4/3/2}. The general solution can be formed as
Y=y, +y,= 61671/24\/3/2 + ch’l/HWH/z T3+ cax + ez’

The first members involve imaginary numbers and might be also rewritten by means of sin() and cos() to avoid
complex numbers. These roots comes in conjugate pairs a + i and a — i3, so they do not repeat. The next



three members would repeat based on the value of the root m = 0, so they are multiplied by  and z?,

The job is not done yet, since we have to find values of constants c3, ¢4, c5 which are part of particular
solution. Note that we have 2nd order DE, so we expect to have two arbitrary constants, not five.

These constants can be obtained by forming particular solution in a more convenient way y,, = A+ Bz + Cx?,

preparing yp, Yy ans substituting into DE. It will be found that A =0, B= -2, C' =1.

Y= clcfl/%i‘/‘&r/2 + ch*l/Qﬂ"/g/2 — 2z + 2




Higher order linear differential equations

Variation of parameters

The previous methods (method of undetermined coefficients to find particular solution yp) have two
weaknesses:

+ the kind of members on the right side (g(x)) is restricted

+ the DE must have constant coefficients.

Note: regarding the first issue, in some cases of DE with non-constant coefficients, we are still able to use
method of undetermined coefficients.

Assuming that we are able to find solution y,(z) of associated homogeneous DE (i.e. to find complementary
function), this method is able to find particular solution y, of linear DE with non-constant coefficients
with no restrictions on the right side.

The method will be shown below for differential equation of 2nd order but can be used for higher order DE.

az(z)y" + a1(x)y’ + ao(z)y = g(x)

We assume that there are no troubles with finding the two linearly independent solutions y, (x) and
Y (x) of DE. With them we form equation for y,, ()

Yp (@) = w1 (2)y, (2) + ua(2)y,(2)- (42)

The above particular solution is expressed in terms of solutions y, (z) and y,(x). Functions u1(x) and u2(z) are
unknown and have to be determined.

The derivatives of y,,(z) are

Yp(x) = wiy] +ufy; +uay) + uby, =
= (wy] +u2yh) + (ujy; + uhy,)
v (z) = (way) + uayy) + (uwiy) + uhyy) + (ufy, + uhy,)'

Substituting solution y,(z) and its derivatives yj(z) and y; () into DE

az(u1yy + u2yl) + az(uiy] + uhyy) + as(ufy, +uhy,) +
+a1(ury] + u2yh) + a1 (ujy; + uhyy) + ao(ury; + u2y,) =g(z)

This equation can be written as

ul(a2y{' +ary) + aoy;) + u2 (azyé’ + ary) + aoyy) +
+az(uiy] + uhyy) + az(wiy; + ubys)' + a1 (uiy; + uhys) = g(x)

Since y, (z) and y,(z) are solutions of homogeneous DE, the first two parantheses equal zero. Then, if we
request that

ujy; +uby, =0, (43)
the remaining members have to hold equality
T
i + iy = 2
az
or
uyy; +uyy, = f(x) (44)

for DE in the standard form of

y" + P(z)y + Q(z)y = f(x). (45)




The pair of equations (43) and (44) can be solved for u} and u/), using common algebraic methods. The other
solution is by Cramer's law:

W Yo f() Wy y f(z)
where
Y Y 0 Yo Y1 0
W= , Wi = , Wy = 47
vl Y ‘f(w) Ys yi  f(z) (47)

The above determinant W is Wronskian and W7 and W5 are derived from W using Cramer's law. In our case
we have two equations (43) and (44) and determinant with two columns for 2nd order DE. But the method can
be generalized to linear nth order differential equations.

Example

Solve DE ty” — (t 4 1)y’ + y = t> with provided solutions y, (t) = e’ and y, () = ¢ + 1.

The DE does not have constant coefficients. Such DE is not easily solved and we are being provided solutions of
associated homogeneous DE. The particular solution yp(m) will be computed by means of method variation of
parameters from y (z).

First let us divide DE by ¢ to bring DE into standard form. Because the method expects that we work with DE in
standard form of y” + P(t)y’ + Q(¢t)y = f(¢).

t+1 1
v+ —y Ty =t
t t
n(t) = yt) = ¢

wa(t) = t+1 yt) = 1

Now we have to form Wronskian W and W, W5 as the method expects:

t

W = y} y? = et t+1‘:et—et(t+1):—et-t

Y Y e 1
iy - Wi e e
nmew W —et-t el
ur(t) = (—t—1)e " —e"

¢ Lot bt

u;(t):@:ylf():e -t

w w w —et -t
u2(t): —t
Yp(t) = wiyy +uay, = [(—t — Ve " —e e’ + (=t)(t +1) = —" — 2t 2

We were given y,(t), we have found yp(t), so we can collect the general solution:

y(t) =cre’ +co(t +1) — > — 2t — 2

Example
Find the general solution of y" +y = tanz, — J <z < 7.

The DE can not be solved by the method of undetermined coefficients, because on the right side is a member
with infinite number of linearly independent derivatives.

Solving associated homogeneous DE brings complementary function

Y, =c1cos + cosinz.

That means for the purpose of y,(z) = u1(z)y; (z) + u2(z)yy(z) we assign the two solution as

Y, = COs Z,
Yy = sin z.




Using the equation (46) is a convenient way to get u1 and us:

. Yo f() sin z tan sin z tan —sinztanx
ve) = - W coszcos® — sinz(— sin z) T cos? x + sin? z - 1 B
- sin?
T cosw
. y. f(z) cosztanz )
uh(z) = = =sinz

w 1

After integrating ] and u}:

ui(x) = —log(secx + tanz) +sinz, wu2(x) = —cosz.

Since we have u1(z) and uz(z), we are able to build y,(x) from (42):

u1(2)y: (2) + u2(2)y,(2)
(—log(secz + tanz) + sinz) cosx + (— cosz) sin

< 5
—_
8 8
~— ~—

|

™ ™
—log(secx +tanz)cosz, — —<z< —

(z) ) )

Combining y, with y, we obtain the general solution of DE:

8

Yp

. T T
y=c1cosz + ¢z sinz — log(sec z + tan z) cos z, —-3 <z< PR

Example
Homogeneous differential equations z2y” + 2y’ —y =0 has two solutions y; =z and y, =z !. Find the
general solution of z2y" + zy' —y ==z, x #0.

Using the equation (46) is a convenient way to get u; and us:

) Yo f(z) rlz/z? z 2 z 2
u = — = — = — = — =
! w w ((—z72) — (z7'-1) —2z71
T T
, yflz)  z-z/z’ 1
u = - .
2 w —2z1 —2z~1 2
After integrating v/ and u}:
22
ul(m)ziloga:, ug(m):fj.

Since we have u1(z) and uz(z) we are able to build y,(z) from (42):

yp(2) = wi(2)y(z) + ua(2)y,(2)

€ x
Yp(2) = logz ——

Combining y, with y, we obtain the general solution of DE:

y261$+czm71+§logm—%.




Higher order linear differential equations

Cauchy-Euler equation

d’y dy

2

2V 9: %Y gy—0

“ dz? ¥ da Y
4%y +8xy +y=0

are examples of Cauchy-Euler differential equations. A linear differential equation of the form

dny d’nfl y dy

n n—1

anT +an—1T +--ta1x—=—— + agy=g(x

n dz™ n—1 dgn 1 1 dz 0y g( )a

where the coefficients a,,an—1,...,a0 are constants, is known as a Cauchy-Euler equation. The important

observation is that coefficient * matches the order of differentiation.

Cauchy-Euler differential equations have solutions in format y(z) = ™ and are easily solved. The
solution is quite straight-forward. We lay expected solution y(z) = ™ and feed the solution with its derivatives
y'(z) and y" (z) into DE. Solving leads to separating 2™ and auxiliary equation (see the examples below).
The roots m have to be determined from auxiliary equation.

Once we have roots m, we have to deal with 3 possibilities:

The roots are distinct, do not repeat
Solution is in the form y(z) = c1z™ + coz™.

Roots repeat

E.g. m1 = 2, ma = 2. The solutions can not be linearly dependent. The Reduction of order method determines
from the first solution y; () = ™ the second solution as y,(z) = 2™ log z.

Roots are complex numbers

It is an analogy to the above. The imaginary roots come in conjugate pairs and solution can be written as

y(z) =1 2% 4 cox®tP . However we often prefer to work with expression without complex numbers. The
other form is y = Ci1z“ cos(Blog z) + Caz® sin(Blog ).

Note: although the text describes mainly second order differential equation, all the ideas can be easily extended
to analogous differential equation of any order.

Example

Solve differential equation z%y” — 3zy’ + 4y = 0 with initial values y(1) = 1 and y'(1) = 2.
We assume that the solution is in the form y(z) = ™. Then
y(z) = =™,
y'(z) = ma™ ",
y'(z) = m(m—1)z
Let us use the solution within given differential equation:
22 -mm—1)z™?% - 3z-mzg™ ! +4-2™ = 0
z™((m?> —m)—-3m+4) = 0

™ (m?—4m+4) = 0
m = {2,2}

The solution of differential equation is

y.(x) = c1z? + coz? log . (48)

In order to find values of ¢; and c2 according to initial values, we need also ye.:




1
yh(z) = 2c1x + 2cexlogx + cpx® — =
z
= 2ci1z + 2cozlog T + co. (49)
For y(1) =1 and y'(1) = 2 we get from (48) and (49) ¢; =1, ¢y = 0. The solution is then

y(z) ="

Example

Solve differential equation z2y” — 2zy’ +2y =23, >0

Because the differential equation is in the form of Cauchy-Euler DE we assume that the solution is in the form
of y(z) = ™. Then

y(m) = xm’
y'(z) = me™,
y"(x) = m(m—1)z™ 2.

Let us use the solution within associated homogeneous differential equation to obtain complementary function
Ye(z):

2

22 -m(m —1)z™? -2z -mz™ ' +2. 2™ 0
z"(m(m—-1)—-2m+2) = 0
z™(m? —3m+2) = 0
z"(m—-2)(m—-1) = 0
m = {1,2}

The complementary function y,_(x) (i.e. the solution of associated homogeneous differential equation) is

y.(z) =1z + coz?. (50)

We have y. but we have no y,, so the solution is still incomplete. The differential equation has no constant

coefficients, so we can not use method of undeterminated coefficients. We have to employ method of variation
of parameters to determine particular solution y,, .

Let us take y; () and y,(z) from y,(z) and form particular solution y,,(z) = u1(2)y; (x) + ua(x)y,(z):

y(@) =z, y) =2’
vi(®) =1, yy(z) =22

We have to find u/(z) and u)(z) as method of variation of parameters requires (f(z)=xz*/2*> =z for
differential equation in standard form):

w(z) = Wlf T oz .

1 W 222 — 2 2
W, T-T

ul(z) = — = =1

2() W £E2

After integrating u/ (z) and ul (z) we may form particular and general solution:

2
1
yp(m):—%m—i—me:Em?’

1
y(z) = c1z + crz® + 5 z3.

Example



Solve differential equation z%y” + 4zy’ — 4y =3

First, let us solve associated homogeneous DE z2y" + 4zxy’ — 4y = 0 for Y., then particular solution y,, .

We expect the solution in a form of y = ™, then y' = mz™ !, y" = m(m — 1)z™ 2.
zZmim—1)z™ 2 +4dzmg™ ! —42m =0

2" m(m—1)+4m —4] =0
2™ (m? +3m—4)=0 = m={-4,1}

The complementary function is y, = c1z + coz~* and particular solution Yp = A has to be determined and it is
pretty obvious that A = —3/4 (test yourself that y,, = —3 /4 satisfies given DE).

y=cir + cgaf4 —

NG I




Higher order differential equations

Solving system of linear DE with constant coefficients

Examples of systems of linear differential equations:

2z’ + 3z + 5y —y=¢

x'—w+3y'+y:sint} 2)

(D2+3D—1)w+y=6+t2} )
(D +2)z — (D* + D)y=t

Systems of linear DE with constant coefficients leads readily to solutions by means of operator D.

The above system (a) can be rewritten into
(2D + 3)z + (5D — 1)y = €',
(D —1)z+ (3D + 1)y = sint.
The pair of equations
fi(D)x + g, (D)z = hy (),
fo(D)x + g5(D)z = hy (1),

where D is operator d/dt, and coefficients in front of  and y are linear differential operators, is called a system
of two linear DE.

We have learnt already that linear differential operator obey all the rules of algebra. So we will use the
rules and methods which are used in solving an algebraic system of equations, €. g.:

2 4+ 3y =17,
3z — 2y = 4.

The above system can be solved by elimination and we will use such approach also to systems of DE, which are
written using the operator D.

Example

Solve the system of differential equations

dz _
dt
dy
dt

Y

=-—z+2y

First, we rewrite the above equations by means of operator D:
Dz —y=0 (51)
Dy+z—-2y=0 (52)

Dz —y=20 /- (D—2)
y(D—2)+z=0

DD —-2)zx—(D—-2)y=0
z+(D-2)y=0

Let us add both equations to eliminate (D — 2)y and we get




(D* —2D)z +z =0

D’z — 2Dz +z =0
" — 22 +2=0
m?—2m+1=0 = m={1,1}

So far, we are able to express x:

T = clelt + C2tet

Now we may substitute z into (51) to get y:

D(cie’ + cate’) —y =0
y:c1et +02tet +02et

If we substitute z, y, ¥’ into (52) we will find that the equality holds, so above determined z and y are
complete solution.

Example

Solve the system of differential equations

d

3d—f+3x+2y=et (53)
dy

4z~ 32 1 3y—3¢ 54

z—3—>+3y (54)

First, we rewrite the above equations by means of operator D:

3Dz + 3z + 2y = €
4z — 3Dy + 3y =3t

(3D +3)+2y=¢"/-(3D-3)
4z —y(3D — 3) =3t /-2

z(3D +3)(3D — 3) + 2y(3D — 3) = €' (3D — 3)
8x — 2y(3D — 3) = 6t

Let us add both last equations to eliminate 2y(3D — 3):

z(3D + 3)(3D — 3) + 8z = 6t
z(9D* — 9) 4 8z = 6t
92" — 92 4 8z = 6t
9z" —x = 6t
1

P

9m? —1=0 :>m:{l,—
3’7 3

So far, we are able to collect z:

T = clel/3t + 026_1/3t — 6t

Substituting 2’ into (53) brings y:

1
y=—2cie'/3 — cpe /3 494 3 e’ + 9t

If we substitute z, y, y' into (54) we will observe that the equality holds, so above determined z and y are
complete solution.



Example

Solve the system of differential equations

de dy "
2dt+dt—m—e (55)
dx dy
— +2— =t
3 7 + 7 +y (56)

First, we rewrite the above equations by means of operator D:
2Dz + Dy — z = €
3Dz +2Dy+y=1
2Dz —z+Dy=¢€"  /-(2D+1)
3Dz + (2D + 1)y=t /- (=D)
2D(2D + 1)z — (2D + 1)z + D(2D + 1)y = €' (2D + 1)
~3D*z — D(2D + 1)y = t(—D)

Let us add both equations to eliminate D(2D + 1)y.

(4D? 4 2D)z — (2D + 1)z — 3D*z = €' (2D + 1) — 1
4D*z + 2Dz — 2Dz — x — 3D%*z = 2De’ + e — 1
D’z —z=2e" +et — 1
' —x=3e" —1

The solution for z is

3
z(t) = crel + coe b + 2 elt+1.

Let us solve z” — £ = 3e¢! — 1 by annihilator approach:

(D* —1)z =3¢ —1
(D* —1)z(D — 1)D = (3¢" — 1)(D — 1)D
(D* ~1)z(D-1)D=0
(m* —1)(m —1)m=0 = m={1,-1,1,0}

The first two roots belong to complementary function the next two are to form particular solution. So we
rewrite constants c3, ¢4 to more convenient A, B and solve them.

z(t) = cre’ + coe”t + cze't + cae’
z,(t) = Ae't + B

The constants A, B of particular solution have to be found by means of method of undetermined
coefficients. For that purpose we need x)(t), xj (t)

zh(t) = A(e’ -1+ e't) = Ae’ + Ae't
zh(t) = Ae’ + Ae't + Ae' = 24e" + Ae't
Now we can substitute z,(t), =4 (t) into DE 2" — z = 3e’ — 1 to determine A, B.
24e" + Ae't — Ae't — B=3e' — 1
e!(24) —~B=3¢! —1 = 24=3, B=1

Finaly we may collect z(t):

t

3
z(t) = cre’ + coe + Eett + 1.
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To determine y(t) we can use (55). For that purpose we have to differentiate x(¢) to get 2’ (¢), then from (55)
express y' (t) and integrate y’ (t).

3
z'(t) = cre — et + 5 (e't + €')

Y (0) = e (—er = 2) + e (3e2) — (3) + 1
1

3
y(t) = et (—c1 — 3) - e t(3¢y) — 5 elt +t+dy

The solutions z(t), y(t) have to comply both equations (55), (56). The constant d; can be determined again by
method of undetermined coefficients from (56).

1 3
y(t) =e'(—c1 — 5) — e *(3¢2) — 5 et +t—2

If we substitute z, x’, ¥y, ¥’ into system of DE, it will confirm that the equalities hold.

Example

Solve the system of differential equations

dr

ue——1 —t
7t 3e
dy

= T+y

First, rewrite the above equations by means of operator D and then we solve as an basic algebra task (to
eliminate x).

Dz =3e"!
Dy=z+vy
Dz =3e!
Dy—z—y=0 /D (57)
Dz =3¢t
DDy —xz—y)=0
Dz =3e! (58)
D?y— Dz —Dy=0 (59)

D?y— Dy=3e’ Note: (58) + (59)
Finally we have to solve y” —%y’ =3e! which is solved by means of auxiliary equation
(m? —m) =0 = m = {0, 1}, so we can express ¥,
_ t
Y. =c1 + c2e

and y,, has to be determined. That can be accomplished by the method of undetermined coefficients, because

considering the members on the right side (e ') we can expect particular solution containing e*
derivatives:

and its

Yp= Ae!
yp= —Ae" Ae '+ Ae T =3 = A= g
yp=Ae”’

Then

3
yzcl+czet+§e*t.




Now there are more ways how to find . We can use (57). For that purpose we have to differentiate y.

3
Dy — t 9
Yy = cae 26

3
coe! — =e ' —x — (c1 + caet + Ee_t)zo
3 3
e'(co —c2) +e(— 5~ 5) —ca=z
When simplified we have x
z=—c1 —3e!

Since we are solving system of DE, it is good idea to test the solutions against both given DE to ensure that no
part of solution has been lost.



Higher order differential equations

Nonlinear DE of higher order

Examples:

zy’ +2y +z=1 (60)
v+ (y)’y=0 (61)

When we are describing real world problems, the linear DE might be not sufficient to involve required
dependencies, so there is a need for nonlinear DE.

The nonlinear DE of higher order are difficult to solve and often can not be solved analytically.

Regarding linear DE, it was told that if we know solution y; and y, the linear combination is also a solution.
Such statement may not hold with nonlinear DE. For example differential equation (y”)2 = y2 has a solution
y; = e” and y, = cos z. You can test that linear combination is not a solution.

Nonlinear DE can not be solved by reduction of order method (from solution y, ); consider that we are even not
able to bring non-linear DE into standard form of linear DE in order to locate P(x). But nonlinear DE can be
solved numerically and one of the method will be shown below.

Substitution to reduct the order

In some cases the solution of nonlinear higher order DE can be made by reduction of order by means of

substitution: in both above examples (60) and (61), substitution v = y' brings DE into the first order DE which
is solved easily.

Let us distinguish between two cases:
1. The independent variable y is missing: F(z, y’, y”) = 0; example (60) above.

2. The dependent variable x is missing: F'(y, y', y”) = 0; example (61) above.

The first case is simple. We lay a substitution

, ,  du
u=yv, UI%

and the second order DE is converted into the first order DE. Solve the first order linear DE (instead of y we
deal with u).

If we try to use the same approach for the second case, we will fail with solving. Because v = y’, considering
suggested u’ = du/dz and at the same time in the DE is only y, u and u’ left, it would be more complicated
than before. We have to employ chain rule to get rid of dz:

, du dy du , du
U = —— 7 =75 = —U.
dy dx dyy dy

Then dx is eliminated from DE and DE is solved as first order DE of u in terms of y.

Example
Solve zy” + 2y’ + x =1 as a nonlinear DE with initial values of (1) =2 and y’ (1) = 1.

Although it is linear DE with non-constant coefficients and can be solved also as a Cauchy-Euler DE, we will
demonstrate substitution as it was nonlinear DE. Dependent variable is missing. We can use substitution u = y’
to reduce the order.

!

zu +2u+z=1, U=y

Let us solve for u:
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http://math4/HigherOrder_DE_Cauchy_Euler/

, 1
U +=u+l=—
T
/ 1

U +=u==——1 or
z T
du 2 1

— +t=u==-1

de =z x

It is a linear DE of first order (we might rather rewrite it with y instead of u to avoid confusion prior solving),
which has a solution

Solution of the above first order DE:

It is first order DE which is linear. Now it is in standard form, so we can take P(z) =2/z and built
integrating factor u(x) = eP@)dz ganq multiply both sides by integrating factor.

/J'("L’) _ eP(nr:) dz _ er%dz _ e2logz _ elogac2 — 22
dy 2 1
2 2 2
hatl i — 1
z = +z Y=z (:c )

We know that members on the left side are product of % p(x) -y and that can be also tested (product
rule). Then integrate both sides:

@) = [(@-a*) do

z? —£—£+c
Y=o ~ 34
1 .’L‘+ 1
= - — — Cl1 —
L 3 L2

So we have

Let us integrate u(z) to get y(z):

y(w):/u(x)dm:/(%%—g—i-%)dm

T
5.0 Lo 1
=——z ——z°+-z+ec
6 6 27
Let us use initial value y(1) = 2 to get c3:
2= 211 2124 S 14 = o=
6 6 +2 + c2 ©2=73

The solution is




Example

Solve nonlinear DE zy” =y’ + x(y’)2-

Let us use substitution u = 3’. Then

!
TU :u+mu2

!
u —_U:U2
T

du 1 >
dz xu—u

It resembles first order linear DE except the member on the right side. It is Bernoulli DE with solution

2z
U > -

2c1 — @

Let us rewrite u to y as we are used to (to avoid confusion) and solve the above Bernoulli DE.
1 2
Y ——y=y
T

We need to eliminate 2 on the right side to transform the task to linear DE. That will be achieved by

multiplying both sides by y’z. We have learnt that we use substitution u = y’l, then multiply DE by
-2,

u =—y

- a1 .
—y 2y'+y 2; — _y 2y2
du 11
—_— 4+ — — = -1
de  z y
du . 1 1
— L —u=—
de =
We really got to linear DE, which has solution
T c1
U=— =+ =
2 T

The above linear DE is not difficult to solve. We can locate P(z) = 1/z, then integrating factor is
p(z) = el P@)dz — g[1/zdz — 3 e multiply both sides of DE by integrating factor p(z) and locate
() - u and finally integrate both sides.

Az
d
w%—ku:x(—l)
d
g(mﬂu)——x
wu——ﬁ—i-c
=5 1
x C1
U = 2+:I:

Let us go back against substitution u = gf1 = 1/y we have used in the beginning:

T c1
2 T
2x
2

2c1 — x

1
Yy
)

After integrating we have general solution



y=—log|2¢c; — z*| + ca.

Example

Solve nonlinear DE 3" + (y')*y = 0.

Again, let us use substitution u = g’.

u +udy=0 (62)

Variable z is independent and variable y is dependent. If we use v’ = du / dx again as in previous example, it
will be not helpful: because it brings us to du/dz + u3y = 0. Let us use chain rule:

) dy

_dudy _du, _du
u_dydx_dyy_dyu

Finally we have avoided dz and we can work on DE only in terms of  and .

d
ud—Z—Fugy:O (63)

%du+ydy:0 u#0
u

uwldu+ydy=0 (integrate both sides)
2
*Uil = — 7 +
From the steps above we got two solutions. We have laid u # 0, so we have to investigate also whether u = 0 is
a solution. If we substitute © = 0 into (62) then it is confirmed that u = 0 is a solution as well. Thus we have
two solutions:

2
u(y) = — and u(y) =0
(v) N (v)

Going back through substitution © = dy/dz and integrate both sides:

dy 2 Y eyt
- = =— ay=2zx+c
dz y? + 2c; 3 1y 2
d
dzx

Example
Solve nonlinear DE y2y" — (y')* = 0.

We have to use substitution © = y’. Then

v’u —u® =0. (64)

Before we start to solve (64) we have to consider what is u’ here. Variable u depends on z, it is du/dz. But
that is not helpful since (64) becomes y? du/dx — u® = 0 then. We have to use chain rule to eliminate dz.

, du dy du
u=—-—-—"=—u
dy dx dy

That helps us to eliminate dz and we can solve DE where « depends on y:



3
—u—-ud=0
Y dyu U
du
2 2
— —u2=0
yidu — uldy =
1 1
—u gyl

The DE (64) is solved, now we have to walk back against substitution u =y’ = dy/dz from the beginning.
——tyl=dy
dy

—dz = dy(c1 —y )
—z=c1y —logly| + ¢

That can be a little improved to

logly| —cay=z + c2.

Example
Solve y” + 2y’ /z + x% = 3.

It can be observed that when this DE is multiplied by z?2, it becomes Cauchy-Euler DE, which has solutions
based on ™. Here it will be solved by substitution « = 4’ and the solutions regardless the method have to be
the same.

If you have a skill, you might be also able to find first solution y; = c¢; from associated homogeneous DE and
1

then use reduction of order method to find solution y, = coz ™.
2
u +=utz?=3
x
du 2 2
—+—u=3—-=z
de =

We got to linear DE of first order which has to be solved by integrating factor u(z) with P(z) = 2/z. Note: if
multiplied by z it can be also recognized and solved again as a Cauchy-Euler DE.

lul(x):efP(z)dz :ef%dw :$2

If we multiply DE by integrating factor u(x) we anticipate that on the left side is d/dz p(z)u to be found:

d
%,u(w)u:3m2—x4
u(m)u:/(3m2—m4)da¢
2, _ .3 1 3
ru==x 5a: +c1
a1
u=z——z°+ca —
5 s

i 1 3+ 1
—r—==x cp —
Y 5 oy

So the final solution, which could be also obtained by other method, is
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z? L 4 -1y
= = — =T —C1T Co.
=% "0 ! 2

Taylor series solution for initial value problems

If initial values are given, nonlinear DE might be solvable by means of Taylor polynomial. The
advantage of Taylor series is that the numerical solution converge fast.

First let us remind the Taylor polynomial:
y"(a)

y(@) = y(a) +y'(a) (@ — a) + == (z - a)’ +

y®(a)
!

If we are able to differentiate given function y(z), then we are able to approximate such function by means of
Taylor series. The series is made for the £ = a, then the approximation works best around that given point.

(@ —a)

///(a)
_y3' (z—a)®+-- +

The first members are given by initial values. The next members have to be expressed from DE.

Example
Solve y” = e” with initial values y(0) =0, y'(0) = —1.

We need to find solution y(z). For that aim we may use Taylor polynomial and solve numerically around point
x = 0, that means @ = 0 when composing the series. The first and the second member of series is given by
initial values. The third member is given by DE itself. To establish next members, we have to differentiate given

DE to obtain 3", y*) and so on.

Let us start with initial values:
y() =0+ (-1)(z —0) +...

Now we may append the member 3" (x) which comes from DE as e” :

y(a:)zO—!—(—l)(m—O)—l—62—!(x—0)2...

The next members come from further differentiating of ", that means from differentiating e :

60 ) 60 3 60 4
y(:L‘):O—F(—l)(CE—O)—F?(:E—O) —|—§((E—0) +?(:c—0) + ...
or
CL'Z f,ES .'L’4

If we use above series with 5 members the approximations of the solution at = {—0.2;0.2; 0.4} are

y(—0.2) = 0— 0.2 + 0.02 — 0.001333 + 6.67 - 107° = +0.21873
y(0.2) = 0— 0.2+ 0.02 + 0.001333 — 6.67 - 10° = —0.1786
y(0.4) = 0— 0.4+ 0.08 + 0.016667 + 0.001667 — 0.30827

Analytical solution is y(z) = ¢1 + coz + €” or y(z) = —1 — 2z + e (when solved with initial values) which
brings the solutions:

y(—0.2) = +0.21873
y(0.2) = —0.17860
y(0.4) = —0.30818



Modeling with higher order linear differential
equations, initial values

In structural analysis for civil engineering we deal with tasks which are

o static in time and
e dynamic in time.

The first one is the most common because civil engineering projects usually serves without motions during the
lifetime.

Some case might require dynamic analysis of building/structure. For example the effects of earthquake, winds,
explosion, collision and so on. This kind of problems is usually modeled by means of software for FEM (finite
element method). The structure is divided into finite number of bodies/elements which interact by means of
springs.

The finite element method is a numerical technique to simulate and study many kinds of real-world
problems. For example the structure is divided into finite elements and it leads to solving systems of
equations, in case of dynamic behaviour into system of differential equations.

Such system internally leads into system of differential equations

Mii+ Ci + Ku = §,

where M represents mass, C damping, K stiffness and f, u, 1, 4 are external force, displacement, velocity
and acceleration (the latter four are functions of time).

Note: we will use rather symbol = instead of v for displacement in text below.

The solving leads to harmonic motions of frequency w

u(t) = U cos(wt — ),
where U is a vector that collects amplitudes.

The task is then to compute eigenvectors and eigenvalues to find natural frequencies, to study resonances and
their desired or undesired impacts.

For a body on a spring we recognize 3 basic cases:

1. Free undamped motion.
2. Free damped motion.

3. Driven motion (induced by external load).

Free undamped motion

Note: undamped = no resistance causing decreasing of amplitude. We will employ

+ Hookes's law F' = ks
k is a property of the spring (spring constant, stiffness), s is displacement from unstretched position

« Newton's second law F' — ma
m is a mass (weight), g is acceleration

Let us study the case.
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equilibrium l
position x=0-—— ____T__
mg~ks =0 x>0
motion l

(2) (b) (©)

FIGURE 5.1.2 Direction below the
FIGURE 5.1.1 Spring/mass system

equilibrium position is positive.

When the body on the spring is in equilibrium (no movement) then we can observe that force from the spring ks
has the same magnitude as gravity force mg, i.e. mg = ks or mg — ks = 0 (displacement down is positive). The
system is in equilibrium, the force mg — ks = 0, thus no movement nor acceleration.

The troubles start when the system is not in equilibrium. Instead of ks the force from the spring is k(s + ). The
body is exposed to a force mg — k(s + z), i.e.

m a(t) = mg — k(s + x)
and since we want to study motion z:
d’z
m —— =mg — k(s + z) = (mg — ks) — kz.
dt
It has been noticed from the equilibrium state that mg — ks = 0, so
d’z

Note that if the distance s(t) [m] in time is known, then the speed v(t) [m/s] can be derived. If the speed at any
time is known, then the acceleration a(t) [m/s?] can be derived.

ds dz d*z
)= — = — )= — .
vt)=—=—, a}) -

If we divide (65) by m, we get simple DE of second order

" k
z +—z=0
m
2"+ Pz =0, Ww=—
m? 4w =0 = m = {iw, —iw}

or

z(t) = ¢1 coswt + ¢ sin wt. (66)

Both sin() and cos() have a period of 27, thus for the motion being described 2w = wt = T = 27/w is the
period.

In physics or dynamics, it is a common practice to work with rather simplier description of the motion in the
form of u(t) = U cos(wt — a), which can be readily converted from (66).

Free damped motion

The description (66) is unrealistic because in real world the movement of the body on spring will not last
forever.



(a)

FIGURE 5.1.5 Damping device

We know from physics, that the faster the movement is, the stronger is damping force. Damping force F is
proportional to speed (F. = cv, where c is positive damping constant).

d’z dx
m———=—kr—c—. (67)
dt? dt
The sign is negative, because damping force (also the spring) acts the opposite side against the motion.

If we divide (67) by m and bring some substitutions for convenience, we get

k
2" + 2\’ + W’z =0, 2)\:i,w2:

m m’
mi= —)\+\/)\2—w2, —b &+ \/b2—4ac
2a

S mia =
mo= —\ — \/)\2 — W,

m?+2m+u’ =0 — {

It depends on A% — w? whether roots m1, ma repeat, are real or imaginary:

« Roots are real when A\ — w? > 0

The solution is z(t) = c1e™? + coe™t = e (c1eVr "t + cpeV> T9*?). The motion described by z(t) has
no periodicity, it is exponential function. The system is overdamped.

« Roots repeat when \2 — w? =0

The solution is () = c1e™* + cate™? = e (c1 + cat). The motion is critically damped. There is no
oscillatory motion but a slight change in parameters may result in oscillatory motion.

+ Roots are imaginary when \? — w? < 0

Since 42 = —1 the solution is z(t) = e (c1 cos Vw? = A%t + ¢y sin Va? — A%t). The presence of sin() and
cos() suggests that this case is oscillatory (underdamped).

x X undamped
X l/\ }\ underdamped
~— " : ‘ v v 7

FIGURE 5.1.6 Motion of an FIGURE 5.1.7 Motion of a critically =~ FIGURE 5.1.8 Motion of an

overdamped system damped system underdamped system

All the above cases share the member e ™

decreasing over time due to the damping.

which represents the fact, that the amplitude of the motion is

Driven motion

In the two previous examples the motion comes from given initial velocity and/or given initial displacement. The
more general case is with external force f(t) involved:

dz dz
mﬁ:—km—ca—i—f(t) or
d*z dz
mﬁﬁ—kxﬁ-CE:f(t) (68)

DE (68) is nonhomogeneous. Function on the right side (in this case f(t)) is sometimes refered as a driving or
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forcing function of the system.

Example

A spring with a mass of 2 kg has natural length 0.5 m. A force of 25.6 N is required to maintain it stretched to a
length of 0.7 m. If the spring is stretched to a length of 0.7 m and then released with initial velocity O, find the
position of the mass at any time.

From the above information we can calculate spring constant k.

256
- 0.7-05

We have enough data to collect differential equation of the motion (see also (65)).

— 128 N/m

22" = —128z
2" +64z =0

Auxiliary equation is

m?4+64=0 — m={8,-8} (a=0,=28)
And the solution is
z(t) = ¢1 cos 8t + ¢y sin 8t

The task remains to find values of arbitrary constants. We know that at time ¢ = 0 velocity v = 2’ = 0 and
initial displacement from the equilibrium position is £ = +0.2 m:

0.2 = ¢1 cos 8 + co sin 8t
0 = —8cy sin 8¢ + 8ca cos 8t

02=c1-14+¢c-0 = ¢1=02
0=-8c;1-0+8c-1 =— ¢c3=0

Then

z(t) = 0.2 cos 8¢

is the description of the position of the mass at any time.

Example

The same spring is immersed into fluid with damping constant ¢ = 40 N.s/m. The motion starts from equilibrium
position and is given initial velocity 0.6 m/s.

22" = —128z — 40z’
22" + 402" + 1282 =0
2" + 202" + 642 =0

Auxiliary equation is
m? +20m +64=0 — m={—4, 16}
The solution is

z(t) = cre ¥ 4 che 16t

Now the task remains to find values of arbitrary constants c1, c2. At the timet = 0: z =0, =’ = 0.6.
0

0= cle0 + coe

} — ¢1 = 0.05, co = —0.05
0.6 = —4c1 — 16¢9

Then



z(t) = 0.05¢ 4 — 0.05e 1% = 0.05¢ 4 (1 — e 1?)

is the description of the position of the mass at any time.

0.025 T T
0.056 (1 = 1Y) emm—

0.015 H .

x(r)

0.005 E

The motion of the body on the spring. Bottom axis is time t from 0 to 2 s. Left axis is x(t) from 0 to 0.25
m.



Modeling with higher order linear differential
equations, boundary-value problems

Deflection of a Beam

In civil engineering, analyzing structures for their internal forces and deflections is one of the most important

topic.

BEAM DEFLECTION FORMULAS

BEAM TYPE SLOPE AT ENDS DEFLECTION AT ANY SECTION IN TERMS OF x MAXIMUM AND CENTER
DEFLECTION
6. Beam Simply Supported at Ends — Concentrated load £ at the center
P
B4 | 16 J‘ hd PP Px 37 ! PP
Wﬁ,m , =6, = y= ——x"| for Dax<— =
} T 16E1 12E1\ 4 2 48E1

7. Beam Simply Supported at Ends — Concentrated load £ at any point

"h

X

||nx

1 |T

_ PB(I’-b")
T GIEL

_ Pab(2l-b)
2T GIEl

_ Pbx
 GIET

:6151[ (v=a) +(7 bZ)x-f]

for a<x <l

¥y (fz—xz—bz) for 0<x<a

Po( -5*)"

e =g BIEI o hm

5= i{yl —452) at the center, if a>b
48E1

8. Beam Simply Supported at Ends — Uniformly distributed load @ (N/m)

[0 x

3 4
- B g g, =% (P _opt ey _ ol
y ; |_‘F 'R 4Bl 24El il ) ™= 3B4E[
9. Beam Simply Supported at Ends — Couple moment M at the right end
MP I
M M B =—F— at xy=—=
[ 0 A~ X =20 Mx[l Xz] 903 Er 3
: y=—1-= 2
N ] =E 6EI r b= M at the center
,.—.I T 3EI 16El
10. Beam Simply Supported at Ends — Uniformly varying load: Maximum intensity @, (N/m)
W=—tx 7mnf!
8, [ ®, x 0, = 3608l By = x=05197

y= (?‘I‘ —10P°% +3x%)

36015]

Iﬂ
5=0.006512_ at the center
Er

w ?
y B, =
..—".J 2" 45ET

Tables used in structural analysis by civil engineers

The above table depicts 6 and y for several types of structures and/or their loads. The problem of deflections
was observed and described by means of differential equations. In structure analysis we usually work either
with precomputed results (see the table above) or we work routinelly with simple DE equations of higher order.

There are some rules or a guideline worth to mention. The deflection y is a linear displacement measured
from the beam's axis. Angular displacement 6 can be derived from deflection y. In structural analysis we
typically start from load (either w(z) or a single external force P), then we are able to compute internal shear
forces V(z) on the beam and internal moments M(z) on the beam. From M(z) we are able to get 6(x) by
integration or we are able to get linear displacement y(z) by double integration of M (x).

1. The load w(x) is typically given.

2. The internal shear forces V(z) can be found from equilibrium of forces (and also V(a:) = — [w(z) dx).
3. The internal moments M(z) can be found from equilibrium of forces (and also M(z) = [V (z) dz).
4. The angular displacement 6 can be found by integrating
1 a M
0(x) = == | M(z)dz, because — =—
() EI / (z) da, de EI
5. The deflection y can be found by double integrating
20 M

1 d
= —_— d = —_—
y(z) ZI //M (z) dz, because T2~ Bl

In short we integrate w(z) — V(z) — M(z) — 6(z) — y(x). The task is then to work on a boundary-value
problem. The boundary value problem is a differential equation with a set of additional restraints.
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Example

(The first case from the above table: simple beam with a concentrated load P in the middle)
Assuming we have already computed moment function as M(x) = Pxz/2 for 0 < z < L/2, find deflection y(x)
andy, . atz=L/2.

From the differential equation, describing deflection of the beam, we know, that we need to integrate M(z)
two times to get desired deflection.

d’y M 1 z3
w—ﬁzy(w)—ﬁ//M(x)dey(x)-EI— T +ciz +c

The task remains to find constants c;, c2. These will be obtained by means of boundary value conditions.

It can be observed that

1. at * = O the deflection is y = 0. The second condition is
2. at the middle of the span (x = L/2) the slope 6 = 0.

Note that these are not initial values, since they are in different points. From the first condition we get

3

Pz
y(z) - EI = ETH +c1x + e

0=P-0+c1-0+co =— c2=0

For the second condition: we have to differentiate y(z) and then we can get c; .

Pz?
"(z) - EI =
Y (z) 12 +
. P(L)? L PL?
= g — = ¢ = —
12 D) ! 16

So the deflection curve on the left half of the beam is

Pz®  PL?
- EI = -
y(@) 12 16
The maximum deflection at the middle of the span is
P(LyY  prr 1 P
ymax'EI: - 5 7 e -3
12 16 2 48 13

So we obtained the same results which are written within the above table for civil engineers.

Example

(The third case from the above table: simple beam with an uniformly distributed load w)
Assuming we have already computed moment function as M(z) = wLz/2 — z?w/2 for 0 <z < L, find
deflection y(z) and y,, atz = L/2.

From the differential equation, describing deflection of the beam, we know, that we need to integrate M(z)
two times to get desired deflection.

d’y M 1 wLz? ztw
w:ﬁ — y(m)—ﬁ//M(x)dm = y(z)- EI = 2 ——— +cz+c2

24
The task remains to find constants c;, c2. These will be obtained by means of boundary value conditions.

It can be observed that



1. at * = O the deflection is y = 0. The second condition is

2. at the end of the span (x = L) the deflection has to be also y = 0.
Note that these are not initial values, since they are in different points. From the first condition we get

wLx? ztw + n
—_ C1X C
12 24 ! 2

0=0—-0+c1-04+¢ca = c2=0

y(z) - BI =

From the second condition we can get c; .

wLz? ziw
- EI = - —
y(x) B o + iz
0 wLLl® L'w el o wl?
D) 94 ¢ R
So the deflection curve of the beam is
() - EI = wLz® B ztw B wL? -
Y 12 24 24

The maximum deflection at the middle of the span (z = L/2) is

L L L* 5
w w w 2wt

Bl= 108 316 242 384

ymax

So we obtained the same results which are written within the above table for civil engineers.



Modeling with higher order nonlinear
differential equations

Rocket motion, second cosmic speed

Example

Use Newton's second law and Newton's law of universal gravitation to find out the second cosmic speed (i.e. the
escape speed).

There are many approaches how to determine second cosmic speed. We will describe the motion y(¢) by means
of differential equation in order to demonstrate higher order nonlinear DE and then use to determine second
cosmic speed..

FIGURE 5.3.5 Distance to rocket is

large compared to R.

Because distance is large compared to R, gravitational acceleration can not be considered as a constant.

Newton's second law says that when the sum of forces on a body is zero, then acceleration of the body is zero.
Otherwise the net force is proportional to acceleration of the body.

The position y(t) of the body can be described by DE

dy _
mdtZ_ mg
dy

a7

So mg above is force of gravity. The minus sign is necessary: we have taken the upward direction as positive.
But earth's force of gravity does not act in such way.

Assuming we are able to solve DE including its constants (from initial values), then we have a description of
motion as function of ¢. For a rocket motion, constant g can not be viewed as a constant. We have to consider
that far from the earth it is a function of y (i.e. g = f(y)). The two bodies are attracted by a force

M M
F:k;"l;2 =k
)

so we can rewrite gravitational acceleration as a function of distance:

d2
k=
dt Y

The constants k, M are unwelcome and we can eliminated them. If y = R, then acceleration has a value of g
org=FkM/R> — k=gR*/M.

y_ R
dt2 gy2

y//yz — _gRZ



It is nonlinear DE of the second order. Finally we will not solve for y but only for speed v. Velocity v = v’ .

,_@ ,_dv@_dv

v'y? = —gR?, v=y il Uid_ydtid_yv

We have employed chain rule in order to solve DE. So far we have speed v as a function of distance y. The
constant ¢; can be determined from the initial value: on the surface of the earth (y = R) the body has an initial

speed vy :
2 ].
vo = 4/2gR ) + 2c1

vg:2gR—|—2cl
c1=——gR

Thus we have

1 v

Now we are back to the question from the beginning. What is the second cosmic speed? What initial speed the
body needs to be given, that the gravitational forces are not able to call the body back to the earth.

At any point (y — o0) on the body's trip the body has not to stop. The speed v(y) have to be always greater

than zero. At such large distance (y — oco) the member 2gR2 /y is zero. Then the speed v(y) is greater than
zero if

2

Y
> gR = vy > /2gR =11.2km/s

So, if you want to escape the earth, you have to do it pretty quickly. Note: it can be shown that the second
cosmic velocity does not require direction perpendicular to earth surface.



Series solution of linear DE

As was pointed before

» some DE are difficult to solve or can not be solved analytically;
« some of the solutions consist of functions which are not elementary functions.

Example: The purpose is to solve linear DE

y' —(z+ 1)y +2’y==

by means of infinite series. In this case the solution is

z? z3 z?
y(m)zl—&—:c—i—?—l—?—l—?—k... for — oo <z < 0.

Power series
A series of the form

2 3 -

coteci(z—a)+er—a) +ces(z—a)’+---= ch(w —a)" (69)
n=0

where ¢y, c1,..., a are constants and z is variable, is called a power series. Such power series is centered at a.

Convergence of power series

We study whether the above sum approaches some given number. Then the series converges. A power series
may

1. Converge only for a single value ¢ = a.

2. Converge absolutely for values x near value a, but not for other values. That means
+ there is and interval (a — h; a + h) within which & converges
« and diverges for other values.

« At the end points x £ h may either converge or diverge.

3. Converge absolutely for all values of z, i.e. for —oo < & < 0.

Ratio test

Convergence of power series can be determined by the ratio test. It states that the series
up +us +ug + --- + up, + ... converges absolutely if

Un+1

lim |
n—oo un

|=L and L <1.

If L > 1 then the series diverges. If L = 1 the test is inconclusive.

Example

Determine whether series 1 + 1! z + 2! 22 + 3! 23 4+ --. + nl 2™ + ... converges.

Here
up =nl- 2"
Unt1 = (m+1)!- 2"t
Therefore
Uni1 | (n+ D™
B | = | P = (Do

The ratio between both members 4,1 and u, grows with n — co: L = (n + 1)|z| — oo as n — oo. Since it is
not valid that L < 1, the series converges only for = 0.




Example

Determine whether series 1 + = + % z? + % 3 ... % x" converges.
Here
1
Up =— ",
n
Uns1 1 n+1
n-+
n+1
n+1
. T n
lim | — |=l|z|=L

nsoo ' M+ 1 . z"
A series converges if . < 1. In our case the series converges for —1 < z < 1.

Note: the test is not conclusive at endpoints +1: in this case for £ = 1 diverges, for £ = —1 converges (check
the series itself).

Shifting the summation index of power series
To solve DE by power series, it is crucial to be able to simplify two series into one.

Example

Simplify > >0 | 2ncpz™ !t + Y07 6z

The important observation is that both series are not expressed from z". Instead of that they use " !, z"*!.

It is desired to have both in the form of " .
o0 o0
Z 2nc,z™ = Z 2(n+1)cprz”
n=1 n=0
o0 o0
Z 6,z = Z 6cp_1x”
n=0 n=1

Then sum of above series is

o0 o0 o0 o0
Z 2ne,z" ! + Z 6,z = Z 2(n+ 1)epgr - 2™ + Z 6cp_1 - x" =
n=1 n=0 n=0 n=1

o0

=21+ Y z"(2(n+ 1)cars + 6cy1)

n=1

A power series defines a function

If power series converges on an interval I, then the power series (69) defines a function f(z) which is
continuous, differentiable and integrable on the interval:

enz” =co + a1z + caz® + sz + ...

<
I

QQ\
I
e 20k 20

1

eonz™ ' =cy + 2co + 33z + ...

enn(n — 1).%"72 =2¢y + 6esz + 12¢42 + -+

<
I

3
||
X}

Analytic at point
Any function is said to be analytic at a point a if it can be represented by a power series in ¢ — a.

Example: function such as e”, sinz, log x can be represented by Taylor series. These functions are analytic.




If a function is analytic at point, it can be replaced either by Taylor series (70) or Maclaurin series (71), which
are both power series.

00 (”)a "(a "(a 2
S e- s+ Sl e-ar LR oot (70)
n=0 : ’ ’
.. (n) ! "
S0 L L o
n=0 : ’ ’

Ordinary and singular points
A point x = x¢ is called ordinary point of the DE

y" + Fo1(2)y" Y 4+ Fi(a)y’ + Fo(z)y = Q)

if each function Fy, F1, ..., F,—1 and @ is analytic at x = z¢. A point z = x is called singular if one or more
of the functions Fy (), ..., Fnp_1(z), Q(z) are not analytic at x = zy.
Example

DE (z — 1)y" + % y’ — 2y = 0 has two singularities: at z = 1 and at = = 0.
If we divide DE by (z — 1), we get

1

" 1 ' 2 y=0 z(z —1)
r—1 Fo(z) 2

)= — ——

0 z—1

Both Fy, Fi are singular, are not analytic and can not be described by power series.

Fl(.’lj) =

Existence of solution

If x = ¢ is an ordinary point of the DE, we can always find solutions in the form of power series centered at x .

A power series solution converges at least on interval |z — x| < R, where R is the distance from the closest
singular point.

Solving DE with power series

Note: in finding a series solution of a differential equation, it will usually not be easy to write the general form of
the series. In fact, it will, in most cases, be very difficult if not impossible.
Example

Solve DE (z — 1)y" — zy' + y =0, y(0) = —2, ¢’ (0) = 6.

First, let us solve by successive differentiation using Maclaurin polynomial.

00 (n) / "
f n'(o) z" = f(0) + fl('o) T+ f2(|0) z’ + ...
— ! !
oo f£(n)
> f n'(o) "= 246z +---
n=0 .

The first two members were taken from initial values. The next members will be computed by successive
differentiations:




f70): (z-1)y" —ay +y=0 = y"(=0,y=-2,y =6)=—
70): (z-1)y" +9¢" —wy -y +y =0
(-1)y" +y" -2y =0 = y"(z=0,9 =6,y =-2)=—
) "
)y
)

+ yll/ o wy//l o y/l — 0

n

@ 4y
@ 2y

fP0): (-1

(m 1 my/// o y// -0 — y(4) (iI? =0, y// = -2, y/// _ _2) - _9

F0: (2-1)y® +yY + 290 —ay® —y" —y" =0
(2 — 1)y® +3yW — 2y — 2" =0 —= ¢y (z=0,9" = -2,y = -2)= -2
From values above we may form the series for solution:

2 z3 CE4 1:5

y=f(z ):—2+6m—2?—25—2z_25+,”

It can be noticed that the solution does not involve any arbitrary constant, because it is particular solution for
given initial values.

Example
Solve DE (z — 1)y” — zy’ + y=0, y(0) = —2 and ' (0) = 6.
The same example as above but now solved by power series (undetermined coefficients approach).

Let us approximate solution by
o0
y:chx":co + ez + cox? + ez + ..
Then

eanz™ t = ¢ + 2c0x + 3czzi 4+ ...

te\
I
N

1

3
Il

enn(n — 1)3:”72 = 2¢y + 6c3z + 12¢42% + -

Qd:
I
NgE

3
||
o

Let us substitute y, y’, y” into DE:

(x — 1)[50: ean(n — 1)z" %] — Z cpnz" [Z cnz”] =0

n=0

Z enn(n — Dz Z cnn(n — 1)z"" 2 — [Z conz” Z ez =
n=1

We need to shift the summation index in order to work with the series in a convenient way, i.e. all sums have to
work with " :

o0 o0 o0 o0

[Z cni1(n + nz™ — Z cni2(n+2)(n+1)z"] — [z cnnaz”| + [Z cnz”] =0
n=1 n=0 n=1 n=0

Let us collect coefficients cg, c1, c2, c3, ... for 1, x, &%, x3,.... We are solving second order DE,

which is linear. So we will have two independent solutions, which are distinguished by arbitrary constants

cp, c1.The other constants have to be evaluated in terms of ¢g, c;.




1
n:(): 1(_02'2'1+Co):0:>02:560

1 1
n=1: x(cz-2-1—03-3-2—01-1+01)=026323622800
co — b¢ 1
n=2: a:2(03-3-2—04-4-3—62-2—|—C2):0264:%:ﬂ00
2c3 — 12¢4 1
3
-3 4.3 —c--5.4— co- — s S R
n=3: z°(cs 3—c5-5 c3-3+¢c3)=0 = ¢ 0 120c0

From coefficients found so far we can form power series of y:

1 1 1 1
=cot+ar+=coz’+ =cox® + —cozt + —coz® +.
Yy 0 1 5 0 6 0 Y 0 120 0
You can notice that we have two arbitrary constants (cp, c1) within the above general solution y. And that
implies there are two solutions y; (z) = ¢1 f; () and y,(z) = c2 f5(x). And that could be expected since the DE
to solve is not nonlinear. The first solution is an infinite series with ¢y and the second solution is a line c;x.
That complies with the analyticial solution of the given DE, which is y = c1x + c2e”.

From initial values we will determinate constants to express particular solution. y(0) = —2 = ¢y = —2,
y'(0) =6 = ¢; = 6. Then

y:—2+6$—m2—§$ —Eaz —%m 4+ ... or
z? z3 z? z®

We have reached the same solution as within previous example.

1000 T T

8Y = 26" e 20 + 8 = 26" "

-1000 -

2 =2000

-3000 -

-4000 +

=5000 L L
-10 -5 0

4 2 0 2 4

x X

Series (2, 3, 4, 5, 6 members of infinite series involved) around x = 0 compared to analytical solution (in
black). The second chart is a detail from the first one.

Example

Solve nonlinear DE y” = zy — (y')®, y(0) =2 and y'(0) =1 by power series (undetermined coefficients
approach).

We will by finding the general solution first and then the initial values will be used to evaluate ¢y, c;.

We can use the power series for y, y’, y” from the last example.
o0 o0
y= Z cnx”, Yy = Z eanz™t, o = Z con(n — 1)z"™ 2
n=0 n=1 n

and substitute them into DE.

o0 (o)
Z cenn(n — 1)z Z [Z cnnxn_l]
n=1

n=0

It would be quite difficult to work with the above series if they are not based on " . They can be rewritten to



o0
Z cni2(n +2)(n + 1)z" Z Ccn1z"” Z cny1(n + l)ac"]2
n=0

n=0

Note that the last series is squared, which brings us some more work. To handle the power, it is useful to
list its members:

o0
[Z cnt1(n + 1):1:"]2 = (c1 + 2c2z + 3csz? + deax® + beszt + )2
n=0

Now we do not need to square the series itself. But we need to pick up coefficients for each 1, z, x?
For example we want to pick up coefficient of 22 . Now imagine there is the series multiplied by itself:

PRI

o0
[Z cnt1(n + 1)x"]2 = (c1 + 2¢coz + 3csx? + degx® + .. -

—
(1 + 2caz + 3c3z® + degz® +..)

Then for z°: (¢1 - 3c3z?) + (3¢32? - 1) + (2c2)°.

Now we can use method of undetermined coefficients for 1, x, 2, ....

2

2 !
n=0: l(e-2=—-c)=0— a=—
—4
n=1: z(c3-6=cy —2cic2-2)=0 = 03:%

c1 — (6cies + 403)

12
ca — (8cieq + 12¢3¢3)

20

We have collected coefficients c3 to ¢5 to form a power series of solution. Since it is the second order DE, we
should expect two arbitrary constants cg, c1. The others should be expressed in terms of ¢y, ¢; and that is
what can be confirmed by observing c2 to c5. If you observe c3 you will notice that this time we can not
separate solutions using cp and c; as in the previous example. The both solutions are somehow mixed. The
reason is that the DE being solved is nonlinear.

n=2: 12(04-122017(30103-2+4c§)):0 = ¢y =

n=3: $3(C5'20202—(40164'2+6263'6'2)):0 — c5 =

Finally from given initial values y(z = 0) = 2 and y'(z =0) = 1: ¢9 = 2,¢; = 1. Then the other constants can
be evaluated as c2 = —1/2, ¢c3 =2/3, cs = —1/3, ¢5 = 37/120.

1 2 1 37
=94 — =2 23 Dt ph
y(@) i 2 ” 3m 35{: 12033

Series (2, 3,4, 5, 6 members of infinite series involved) around x = 0. No analytical solution drawn. The
second chart is a detail from the first one.



Series solution of linear DE

Solution at singular point

It was explained in the last chapter that we have to analyse first whether the point is ordinary or singular. In the
case the point is ordinary, we can find solution around that point by power series. The solution around singular
points has been left to explain.

For example DE

(z— 1)z + 2z —1zy —y=0

has two singular points 0 and 1. If we try to find solution of DE at singular points by successive differentiation in
the form of power series

2 3
co+cix+cox” +cesx” ...

we would run into trouble. Since y”(0) is not defined at singular point, also ¢2 = y”(0)/2! (from Taylor series)
does not exist. Moreover, if we try to use method of undetermined coefficients to determine ag, ai, ..., they
will be all zero. That is because after division by z* the coefficient of y' becomes not analytic at z = 0 and can
not be expressed by Maclaurin series (we can not collect members of Maclaurin series at zero for a function 1 / x
or1/x3.

If power series for y is modified by method of Frobenius, then—at regular singularity points—the
solution can be expressed. Now we owe to divide singular points into

1. regular singular points (solution can be found by Frobenius method) and

2. irregular singular points (the problem of finding the series is too difficult to discuss here).

Regular and irregular singular points
Let us simplify the discussion only to the second order differential equations in the standard form of

y" + P(z)y’ + Q(z)y =0. (72)
Let us multiply functions
1. P(z) by (z — zo),
2. Q(z) by (z — m0)*.
After that,

1. if each member P(z) - (z — ) and Q(z) - (x — z¢)” is analytic at = z( then the singular point is regular.

2. Otherwise point is irregular singularity of DE.

Example
Determine the singularities of DE (z — 1)z2y” — 2(z — 1)zy’ — 3y =0.
First let us bring DE into standard form (72).

" _ 2 y/ _ 3 y
z(z —1)° (x —1)°22

=0

Two singularities are observed. At z = {0, 1}.
-2

z(z—1)>

Qz) = ( 71;;3 S by z? . Then both members are analytic so the DE is a regular singularity at = 0.
r— €T

1. According to the rule, for the singularity at x = 0 we have to multiply P(z) = by x and

2. For the case at z = 1, if we multiply P(z) by (z — 1) and Q(x) by (z — 1)*, these members do not become
analytic. So at x = 1 DE is irregular singularity.



http://math4/SeriesSolution_PowerSeries/

Example
Determine the singularities of DE (z — 1)*z%y” + 2(z — 1)ay’ — y = 0.

First let us bring DE into standard form (72).

" 2 / 1

PR P I =0
Two singularities are observed. At z = {0, 1}.
1. According to the rule, for the singularity at x = 0 we have to multiply P(z) = m by x and
Qz) = 1 by 2. Then both members are still not analytic so the DE is a irregular singularity at

(z—1)%24
z=0.

2. For the case at x = 1, if we multiply P(z) by (x — 1) and Q(x) by (z — 1)2, these members become
analytic. So at x = 1 DE is regular singularity.

Method of Frobenius

If 2 = ¢ is a regular singularity then the series solution at such point will be found in the form of
Frobenius series

y=(z —z0)" [co+c1(z — z0) + c2(x — m0)2 + c3(z — 1:0)3 +...] or (73)
y=(z—zo) Z cn(T — a0)"

For r = 0 or a positive integer the series (73) becomes Taylor series. A Frobenius therefore, includes the Taylor
series as a special case.

Indicial equation and indicial roots

When solving by means of Frobenius series, one has to deal with indicial equation and its roots r1, r2. It will
be demonstrated below on example, that for the second order DE we have two roots to expect. Each root is an
origin of one of the solutions of DE then.

It might happen then that

1. Roots are distinct, their difference not equal to an integer (e.g. 1, 2, 3, ...)
Each root r1, 72 is an origin of a series forming a solution.

2. Roots are distinct, their difference equal to an integer
In some cases each root is an origin of a series solution, in other cases there will be only one series y,; (z) and
the other solution y,(z) has to be determined as a logarithmic solution from y; () and such logarithmic
solution has limited applications.

3. Roots are the same
There will be only one series y, (z) and the other solution y, (x) has to be determined as a logarithmic
solution from y, (and has limited applications).

Example
Find solution of DE z%y" + z(z + 5)y’ + xy = 0 at regular singularity.

First, if we bring DE into standard form (72) and apply rules to test singularities, it will be shown that = 0 is
a regular singularity. We will solve given DE in & = 0 by Frobenius series.

According to the Frobenius method, the solution will be found in the form

y=(z —x0)" [co+ci(z — z0) + c2(x — .’130)2 + c3(z — ar:o)3 + ...

where two roots r1, 2 has to be evaluated. The coefficient ¢y is an arbitrary constant and the other constants
will be expressed in terms of cg. Thus we might expect two independent solutions.

Let us prepare y, y', y” at o = 0:




y=2z"(co +c1z + cz® + e3zd + oel)

y =corz" M +ei(r+ 1)z +ca(r + 2)z" 4+ ...
Y =cor(r—1)z" 2 +e1(r+ D)ra" " 4+ ca(r +2)(r + Daz” + ...

Let us substitute y, 3’, y” into given DE

(cor(r — Dz" +ci(r+ Drz™ +co(r +2)(r + Dz™2 + ..)) + (74)
+(core™ +er(r4+ 1)z +ea(r +2)2" + ... + (75)

1 1 1
+ 5 corz” + e (r+1)z"" + 5 ca(r+2)z™? + ..) + (76)
+(eozx™™ + ez 4™ 4+ L) = 0 (77)

So above is given DE written be means of infinite series. On (74) is zy”, on (75) is z?y’, on (76) is 5 y’, on
(77) is zy.

Now we have to use the analogy method to that method of undetermined coefficients (note that for any z"
there is always zero on the right side). Let us collect like powers of  from the above equation:

1
z" (cor(r —1) + 5 cor) =0 (78)
1
2" (er(r + D)7 + cor + 5 (r+1)4c¢)=0 (79)

1
2™ (ca(r+2)(r+1) +ea(r+1)+ 502(7’4—2) +c1)=0

1
" (ca(r +3)(r 4 2) + ca(r +2) + 563(7‘—1—3) +e2)=0

Note that the first equation is used for a special purpose, i.e. to determine roots r: the equation (78) can be
rewritten to z"co(r(r — 1) + 4 r) = 0 and is called indicial equation. We have no reason to expect that the
first coefficients ¢y of series have to be zero. Then to find 71, r2:

(rlr— 1)+ 57) =0 = r=1{0,3}.

The first solution y, is based on 7 = 0. From (79) we can derive a recursion formula for coefficient ¢, when
r=20:

1
ean(n —1) +cp1(n—1) + 3 G+ o1 =0 =
1

== c,=—Cp1 ————
Y- 1)2

And from the recursive rule forming coefficients it is possible to form solution y; :

4 5 8 3
= 1-2 - — —_—
y1(z) = co x + 3 T +...)
(If we use recursive formula of ¢, , then e.g. forco =1 =— ¢ = —2,forc; = -2 — c2 = 4 and so on.)

3

The second solution y, is based on r = 1/2. From (79) we can derive a recursion formula for coefficient c,
whenr =1/2:

1 1 1 1,1

a(g+n)(g+m-1)+ea(g+R-1)+5ea(5+n)+e1=0—
:>Cn:_cnfll
n

And if we use the last formula to determine coefficients ¢, of the second solution we get

2 z® ozt
yQ(m):co(l—m—i—E—g—i—Z—...).

The general solution expressed as a power series is then a combination of y; and y, .




4 8 2 3 4
y(m):CO(l—Zm—i—gmz—ﬁmg—i—...)—i—(h(l—m—i—w - z

E—E—FE—...)

Example

Find solution of DE z%y" — 3zy’ + 4(z + 1)y = 0 at regular singularity.

When the DE is converted into basic form, it can be observed that there is a regular singularity at = 0:

We expect the solution y in Frobenius form (73). Like in previous example, let us prepare v,y

y==z"(c1 + cox + sz’ + caz® +...)
v =rz" e+ (r4+ Dz + (r+2)z" ey + ...

y' =r(r—1)z" %1+ (r4+ Drz" tea + (r+2)(r + D)az"cz + ...
and substitute them into DE in basic form:

Da"2er + (r+ Dra" e + (r+ 2)(r+ DaTer 4o

(m:r_lcl +(r+Dz"ca+ (r+ 2)mr+103> s
T

(a:’"(q + cax + c3x’ + C4x3)) +
T

1
+4 — (mr(cl + oz + csx? + ey + )) =0
z

Now let us use the method of undetermined coefficients, first let us consider only the first possible term z" 2
in order to find indicial equation and its roots r1, 72 :
2" 2 [r(r — 1) — 3rer + 4e] = 2" 2 {cl (r* — 4r + 4)] = r={2, 2}

The roots are the same. We will evaluate only the first solution (for ;7 = 2), the other solution, which is
logarithmic, we are going to leave unexpressed.

"V [(r + )rey — 3(r + 1)ca + dey + 4es] =
=x[3-2c2 —3-3c2 +4c1 + 4] = 2 = —4ar

z" [(r+2)(r+1)es — 3(r + 2)cs + 4ea + 4e3] =
=z [4-3c3 —3c3-4+4cs +4c3] — c3=—c2

z™t! [(r4+3)(r+2)cs — 3(r + 3)ca + 4es + 4es] =

= 2% [5-4cs — 3ca - 5+ 4oz + dey) — c4=—3g¢cs
And so on. Since we hav evaluated the coefficients, we are able to write the series:

16
y:cla:2(1—4a:—|—4a:2—?m?’—i—...).




Laplace transform

Pierre-Simon Marquis de Laplace (1749-1827) and William Rowan Hamilton (1805-1865)
Sometimes we might feel some difficulties to keep the pace with the theories covered. That would be
no surprise since they were discovered by geniuses of their age.

Pierre-Simon Marquis de Laplace (1749-1827) France (estimated IQ of 190)

Laplace advanced the nebular hypothesis of solar system origin, and was the first to conceive the concept
of black holes. His other accomplishments in physics include theories about the speed of sound and surface
tension. Laplace viewed mathematics as just a tool for developing his physical theories.

William Rowan Hamilton (1805-1865) Ireland (estimated IQ of 160—170)

Hamilton was a childhood prodigy. At age of 5 mastered Latin, Greek and Hebrew. Home-schooled and self-
taught, he started as a student of languages and literature. By the time he was 13, the future
mathematician knew 13 different languages, including Sanskrit, Persian, Italian, Arabic, Syriac and
Indian dialects. At age of 15, he found errors in Laplace's work. Hamilton's Principle of Least Action,
and its associated equations and concept of configuration space, led to a revolution in mathematical
physics. Hamilton also made revolutionary contributions to dynamics, differential equations, the theory of
equations, numerical analysis, fluctuating functions, and graph theory.

Definition of Laplace transform

The Laplace transform is a method for solving differential equations. It has some advantages over the other
methods, e.g.

« it will immediately give a particular solution satisfying given initial conditions,

« the driving function (function on the right side) can be discontinuous.

1 S ¥
N\ 2 —
/ L N
: I ! [ . . I
‘ aty, t bt ‘

Like operator of differentiation converts function f(z) into other function f’(:z:) so the Laplace operator
converts functions. By means of Laplace oper(}tor discontinuous function can be converted into other
unction.

S0

The process of solving DE consists of 3 main steps:

1. Transform the given hard to solve problem into simple problem.
2. Solve the simple problem.

3. Transform the solution of simple problem back to have a solution of given problem.

The Laplace transform is closely related to Fourier transform. If Laplace transform is defined on interval from
negative infinity to infinity (referred to as bilateral transform) then Fourier transform can be seen as a special
case of Laplace transform.

Improper integral

Note: improper Riemann integral is such, that has a domain involving infinity (example: f03 f(z) dz is proper,



[s° f(z) dz is improper integral).

Let f(x) be a continuous function on the interval I : 0 < z < h. If, as h — oo, the definite integral th f(z) dz

approaches a finite limit K, we say that improper integral fooo f(z) dz exists and converges to the value K (K
is the area under the graph).

e’ h

/ f(z) dz = lim / f(z)de =K
0 h—o0 Jo

If the limit on the right does not exist, we say the improper integral on the left diverges and does not exist.

Sometimes the result of improper integral is obvious, but sometimes we have to work with limits.

Example

Determine whether the integral fooo 1/(z + 1) dz exists.

h
1 h
/0 e dx =log(z + 1)|,_, = log(h + 1)

As h — 00, log(h + 1) — co. Hence the improper integral diverges and does not exist.

Example

Determine whether the integral fooo 1/ (a:2 + 1) dz exists.

h

/ ! dr = arctan h — arctan 0
0 x2 +1

™

lim (arctan h) = —
h—00 2

Since arctan(0) = 0 the integral exists and converges to m/2.

Laplace transform
If the improper integral

/ Tt R dt, 0<t< oo, (80)
0

converges for a value s = s¢, then it converges for every s > sg. The integral, if exists, is called the Laplace
transform of f(t) and is written as Z[f(t)]. The variable ¢ in (80) is substituted by limits and the result of
Laplace operator is another function of s, e.g. Z[f(t)] = F(s) or Z[g(t)] = G(s).

An operator changes function f(¢) into g(¢). Here transform changes f(¢) into F'(s). The Laplace transform
replaces power series: the power series (with n from zero to infinity) has to converge and converts given
function into series. And in here we have improper integral for that task. The function e’ within integral is our
favorite one: brings us convergence of the integral for positive s and is easy to integrate/differentiate.

Because we will often work with ['e™** dt it is useful to list following limits:

lim <— =0, ifs>0 (81)
t—oo 8§
—st
lim =0, ifs>0 (82)
t—oo §
. te .
lim =0, ifs>0 (83)
t—o0 S
) tne—st )
lim =0, ifs>0, nreal (84)
t—o0 S

Note: function e’ is known to be one of the fastest growing function. Here is e ¢ as one of the fastest decreasing
function.




Example

Find the Laplace transform of the function f(¢) = 1.

h _efst

Z[f(t)]:/o edt=lm [ e dt= lim

h—oo Jo h—o0 S

h _efst 1
= lim + —
=0 h—o00 S S

The result is valid for s > 0 (otherwise the integral does not converge—check numerator). The right branch of
hyperbola is the Laplace transform of f(t) = 1.

ZLf#)) ==

S

Example

Find the Laplace transform of the function f(t) = ¢t.

%) h —_e St —st |h 0
Zf®)] =/ e *'tdt = lim e 't dt = lim
0

h—oo Jq h—o00 S S =0 8

2150 = —

The result is valid for s > 0 (otherwise the integral does not converge) and the values from (82), (83) were
used. The integral itself comes from integrating by parts, steps are not shown above.

Example

Find the Laplace transform of the function f(t) = e .

_ h
h _e—(s+2)t 0

o0
ZLIf(t) = e 2 gt = i g = fim | =0 (—
)= [ e ar=pm [T im =) =0 ()
1
2150 = —

The result is valid for s > —2 (otherwise the integral does not converge). From the second integral above you
can see that the Laplace transform of e % is again hyperbola, shifted to the left (exponential shift).

Example

Find the Laplace transform of the function f(t) = e3’.

00 h _67(573)t h —el
Z[ft)] = / e e’ dt = lim e Mgt = lim ———| =0- ( )
0

h—o0 Jo h—o0 s—3 =0 s—3

1

Z[f(t)] = T3

The result is valid for s > 3 (otherwise the integral does not converge).

Linearity of the Laplace transform

We like the fact, that if the Laplace transform of f;(¢) converges for s; and the Laplace transform of f,(t)
converges for sa then for s greater than both s1, s

Lfi + fol = LA + Z[1),

ZLlcfl = cZ[f],
Zleify + eafo]l = el Z[fi] + 2 Z[fs],



where c;, ¢ are constants, i.e. the Laplace transform is a linear operator.
Example: fors > 0: Z[1+5t] = ZL[1] +5L[t] =1/s +5/s>.
Example: for s > 3: Z[4e3 — 5t] =4.L[e%] — 5.2t =1/(s — 3) — 5/s%.

Transforms of some basic functions

(1)3[1]:% (2) L) = < n=1,2,3,

(3) L[] = - ! . (4) L]ett] = # n=0,1, ...
i = L cos SR

(5) Lkt = <5 (6) Loskt] =

(7) K[Sinh kt] = m (8) g[COSh kt] = m

Sufficient conditions for existence of Laplace transform

Some functions do not posses Laplace transform. Transform & [etz] does not exist as integral fooo e stel’ dt

does not exist (¢!’ grows much faster than e ! decreases); similarly .£[1/t] does not exist as the integral (80)
diverges (e.g. on the interval (0, 1)).

To the definition (80) we add sufficient conditions for existence of Z[f(¢)]:

+ Function f(t) have to be piecewise continuous on [0, co)

+ Function f(t) is of exponential order for some T such, thatt > T

There exist constants ¢, M > 0 such that for every t > T : |f(¢)| < Me®. In other words: from a point T' the
function f(t) grows slower than function Me®.

f(t) e 2 ect f(t)
2¢!

2 cost

_

|
T
c t

FIGURE 7.1.4 ¢ is not of exponential FIGURE 7.1.3 Three functions of exponential order
order

These conditions are not necessary. E.g. f(t) =1/ 4/t is not piecewise continuous but its transform does exist.

Transform of piecewise continuous functions

Example

Find the Laplace transform of the function

1—-¢t 0<t<1
f(t) = 0, 1<t<3
e”, 3<t<




1

210 = [ e pwar= [

1 1 [ee)
= / et dt — / te St dt + / et gt —
0 0 3

1 oot 1 —(st+1)e st 1 e@t[® B
s =0 52 o 2-s|,

1 oot L —(st+1)e b9t ™ B
s 0 s2 0o 28|,

3 00
e (1 —t)dt + / e ™. 0dt+ / e e dt =
1 3

S(Rere b (R ) (g

g2 s— 2

For s > 2. Note that the integral f 300 e(2-9)t dt does not exist if s < 2. Note also that the result is not piecewise

defined.

Inverse transforms

If F(s) represents the Laplace transform of f(t), ie. Z[f(t)] = F(s), then f(t) is the inverse Laplace

transform of F(s).

f(t) =2 'F(s)] = F(s) = Z[f(t)]

Inverse transform is the hardest part of computing DE by Laplace transform. Finally the function F'(s) has to be
converted back to f(t). For such task, we can not use tables unless they would be too long to be useful. The

work mostly consists of partial fractions decomposition.

Inverse transforms of some basic functions

|
e [1] e [ s
S sn+1
|
(3)eat:$—1 |:81a:| (4)eattn:$—1 l#],n—o, ]_,
- s—a
(5) sinkt =2 ! _k (6) coskt =2 ! z
s? + & s? +k°
i = w1 L _ -1 S
(7) sinhkt =2 [52—1::2 (8) coshkt=¢ KT

Example

Find % '[1/(s —1)],s>1

From the above table we know that

s—a

eatzzl[ 1 :|

We find that fora =1e! =.% ' [1/s — 1]. Hence £ ' [1/s — 1] = ¢! fort > 0.

Example

Find . ' [(5s — 2)/(s* + 4)].




Bs — 2 5 2
K7 »-c = ! 5 — ¥ ' |———| =5cos2t — sin 2t.
s2 +4 s2 +4 s2 +4
From the table of transforms:

k
s2 + k2

S

(5) sinkt =2 ! _—
s2 + k2

, (6) coskt =2 !

The match for the member . ~* [5s/(s® + 4)] is cos kt. Then k = 2.

s
s2+4
The match for the member .% ~* [2/(s? + 4)] is sin kt. Then k = 2.

k=2: L[cos2t] =

2
s2+4

k=2: Z[sin2t] =

Decomposition to partial fractions

The differential equation is solved in the domain s where it is easy to solve. Finaly inverse Laplace transform on

solution Y(s) = p(s)/q(s), where p(s), q(s) are polynomials, has to be applied. The polynomial Y(s) is usually
too complicated for inverse transform and has to be splitted into simple fraction according to rules shown below.

Case Polynomial observed Rule for decomposition
Real roots (s —a) -
S—a
Repeated roots s—a)? A 4
p (s —a) e T
i 2 2 As+B
Imaginary roots (s> + a?) 52‘8+a2

Example: Case I (real roots)
Find & “'[F], F = (65> + 55 — 3)/(s® + 25> — 3s).

F(s) = (6s® + 5s — 3)/(s® + 2s% — 3s) can be rewritten into F(s) = % + Si,) + 531 :

To convert (6s% 4 5s — 3)/(s% + 25 — 3s) into %—1— 8_3;3 + 331 we have to employ partial fraction
decomposition:

6s% + 5s — 3 6s% + 5s — 3 A B C

- =+ -
$3+2s2-3s s(s+3)(s—1) s s+3 s-—1

By multipliyng both sides by s(s + 3)(s — 1) we have

6s> +55s—3=A(s+3)(s—1)+ Bs(s — 1)+ Cs(s +3) =
— 6s” +5s —3=As”> + 2As — 34+ Bs*> — Bs + Cs®> + 3Cs
65> +55s—3=(A+B+C)s*+ (24—~ B+3C)s +1(-34)-1 =
= A=1,B=3,C=2

We used the method of undetermined coefficients and here comes

6s2 +5s—3 1 3 2

s3+232—3s_s+s+3+s—1'

Then




[1 2 1 2
ey e e [ e [
s s+3 s-—1 s s+3 s—1
4 [1
—|=1
< | s
$71-3 :3673t
s+ 3
[ 2
Z _3—1] e

And finally

ft) =1+3e 3 4 2.

Example: Case II (repeated roots)

Find & “'[F], F = s?/(s + 1)°.

_ 2 3 : . 1 2 1
F(s) =s*/(s+ 1)° can be rewritten into F(s) = o0 T
To convert 52 /(s + 1)3 into (lerl) — (s-fl)z + (S+11)3 we have to employ partial fraction decomposition:
52 A B C

(s+1)° s+1 - (s+1)2 - (s+1)°

By multipliyng both sides by (s + 1)3 we have

s?=A(s+1)?+B(s+1)+C —
— s =As* +24s + A+ Bs+ B+ C

s> =As’+ (2A+ B)s + (A+ B+ C) —
— A=1,B=-2,C=1

We used the method of undetermined coefficients and here comes that

s2 1 2 1

(s+1)° s+1 - (s+ 1) " (s+1)°

Then
11_2+1_1[1]_12+
s+l (s+1)?%  (s+1)° s+1 (s +1)°
1
+¢! ;
(s+1)
g—l 1 -:e—t
s+ 1]
s ]
z! — =2e 't
(s+1)" |
1] 1
w1 3 == e
(s +1)" | 2
And finally




Example: Case III (imaginary quadratic roots)

Find & "' [F], F = (1 + 7s)/[s*(s® + 1)].

F = (1+ 7s)/[s?(s* + 1)] can be rewritten into T4 % - :jﬁ .
To convert (1 + ms)/[s*(s* + 1)] into = + % - % we can employ partial fraction decomposition:

14 ms A B Cs+D
—— =t =+ = (85)
s2(s2+1) s 2 241

By multiplying both sides by s2(s? + 1) we get

1+ms=As(s> +1) + B(s®* + 1) + Cs(s*) + Ds* —
— 1+ 7s= As® + As + Bs® + B + Cs® 4 Ds*

1+ 7s=s"(A+C)+s*(B+ D) +s(A) +1(B) =

= A=n,B=1,C=—-7m, D=-1

Now we can place the found constants back to (85):

1+ 7s ™ 1 —7ms — 1

— " T4
s2(s2+1) s 2 s2+1

That suggests we have to find inverse transform of below terms in order to collect . ~* [F].

2! £:|=7T
| s
(1
L7 5| =t
H
K7 2?_1]:7rcost
| s
1
K7 2_|_J:sint
| s

The solution we are looking for is then

y(t)=m+t— mcost —sint.




Laplace transform

Solving differential equation by the Laplace transform

We are going to solve differential equation in the form

y" + a1y’ + aoy= g(t)
y(0)= gy,
y'(0)=yp-
First, some important observations of above:

o The Laplace transform is intended for solving linear DE: linear DE are transformed into algebraic ones.
If the given problem is nonlinear, it has to be converted into linear. Or other method have to be used instead
(e.g. numerical method).

« The Laplace solves DE from time ¢ = 0 to infinity. I.e. initial values at ¢ = 0, where the problem starts, are
part of the problem and have to be given. If there are no initial values, we have to work with generic
constants/symbols (g, y{)-

+ The strength of the method is that function g(z) on the right side can be piecewise defined, periodic
or impulsive.

How the method works

We are looking for y(t) as a solution of differential equation. Because of convention used, such function is Y'(s)
when transformed by Laplace.

1. Laplace transform
This step is relatively easy.

2. Algebraic equation in Y (s)
That means equation is being solved in the domain of Y'(s), where it is easy to solve. Result is
Y (s) = p(s)/q(s) where p(s), ¢(s) are polynomials. Y (s) is the Laplace transform of solution.

3. Inverse transform
Inverse Laplace transform is the hardest part.

If we want to apply the Laplace method, we have to be able to transform each member of DE. That means, we
have to know also how to deal with 3/, y" .

2[7'(1)] = /0 T et p (e at (86)

So let us integrate. There are two functions multiplied, therefore we have to integrate by parts (use the product
rule backwards). When using product rule, we want f ! (t) to integrate (there would be no outcome if we choose
f '(t) to differentiate, you can try yourself), so e %' has to be differentiated.

(w) = vw'v+w' = vv=(w) —w =

/u'v = uv — /uv' (87)

v = f(¢), u=¢e %

Product rule has been reviewed and u, v have been identified. Now we can enter u, v into (87) in order to
resolve (86):

L150) = e 005, — [ —se 56 dt = (0 £0) + 5F(5) —

— 2[f'(t)] = sF(s) -~ £(0) (88)

The Riemann integral has been evaluated with boundaries for ¢, so the variable ¢ has served to find Laplace
transform F(s) of f'(t).

Since we are going to solve 2nd order DE, it is essential to find also Laplace transform of f" (t). The equation
(88) can be written as & [f'(t)] = s£Z[f(t)] — £(0). And then what works for f’(t) works also for f”(t):




Z ") = sZ[f ()] = £'(0) = s [sF(s) — £(0)] - £'(0) =
2 [f"(t)] = s*F(s) — s£(0) — £'(0) (89)

These important equations (88) and (89) can be sumarized into:

Ly =Y
L] = sy —y0)
Z[y"] = Y —sy(0)—y'(0)

Example
Show the Laplace transform of DE y” — y=e%, y(0) =1, y'(0) = 0.

1

Y —s—-Y =
s+1

Note: Y = Y(s) is Laplace transform of y(¢).

Shifting theorems

There are two shifting theorems to deal with.

1. The first shifting theorem (f(¢) is multiplied by e* )
If f(t) is multiplied by e, then Z[f(t)e™] = F(s — a).

2. The second shifting theorem talks about shifting the ¢ axis.
A. We want to shift the function to ¢ = a. If F(s) = £|[f(t)] then

ug(t) f(t —a) = e “F(s).

B. We want to erase part of the function. Then

ua(t) f(t) = e Z[f(t + a)].

The function u,(t) above is a unit step function at ¢ = a and the shifting theorem is useful when working
with piecewise continuous functions.

The first shifting theorem

Sometimes the given function f(¢) might be multiplied by e® . If F(s) is known, then we can evaluate
< [eet f (t)] without integrating, which is very helpful. See also the example from the previous chapter.

Lle" - f)=F(s—a) if  ZL[f(t)]=F(s).
Example: Z[1] =1/s — ZL[e™]=1/(s — a).
Example: Z[cos kt] = s/(s + k*) = Lcoskt - e®] = ((s — a)/(s — a)® + k?).

Piecewise continuous functions

One of the important property of Laplace transform is that we can wipe out the value of a function outside an
interval ab.

For that reason we define unit step function and unit box function.
u(t) u(t — a) Uqh
1 1 ———— 1 ——o

o o -
Lg

t | a t | a bt

Unit step function u(t), u(t — a) and unit box function u,, . Please redlize, that if we place unit step
function u, into a and add other unit step function —1 - uy into b then the sum of these graphs will be
depicted as a box function ugp .



http://math4/Laplace/#lapl_exponential_shift

Unit step function u(t) in its basic form is defined as either 0 or 1 (hence unit):

u(t) = {0 t<0 (90)

1 0<t<oo

So the value of that function is either zero or one, depends whether we look to the left or the right from the
vertical axis. Any function f(¢) can be multiplied by u(¢). Then the left branch of the graph will be wiped out
while the right branch is left untouched.

Things usually go more complicated and one might need the step not in zero. Then unit step function is u(t — a)
(or ug). Again, we usually need such function to multiply other function f().

Unit box function is a combination of two unit step functions. Let us say first we have positive jump in a and
then a negative jump in b.

Ugh = Uq(t) — up(t) = u(t — a) — u(t — b)

The second shifting theorem

Now arrives the need to operate with unit step functions. These unit functions are somehow non-standard so we
need some rules for handling them properly. If we want to shift the ¢ axis of a function, then we move the
function to a. Then instead of ¢ we have (t — a) (what was at zero, now is at a). We have also to multiply such
function by u(t — a) to erase whatever would be considered before ¢t = 0. Remember that Laplace starts at time
is zero and the past can not be recovered, so it has to be set to zero. Then

Llua(t)f(t — a)] = e “F(s). (91)

To erase branch of the given function until ¢ = a: we multiply the function by unit step function wu,(t) and
evaluate its transform by the rule

ZLua®)f(B)] = e ZL[f(t + a)]. (92)

The member e * "remembers" the shift of ¢ axis. The rules (91) and (92) can be derived from the integral-
definition of Laplace transform.

Example

Show the Laplace transform of unit box uqp
Ugh = u(t —a) —u(t — b)
1
ZLult—a)=e* =
s
1
s
—as —bs

Lut—b)]=e"

e

L (uw] =

S

Example

Show the Laplace transform of ¢> when the function until ¢ = 1 is required to be erased to zero.

We have to erase whatever would be before ¢ = 1, i.e. the function f(¢) have to be multiplied by unit step
function with the jump from 0 to 1 at @ = 1: u4(t) = u(t — 1). In order to multiply we have to employ the rule
(92) for multiplication of the function with function of the type unit step.

< [u(t - 1) t2] —e ¥¥ [(t + 1)2] —e W& [t2 49t 4+ 1] —e 8 (l + % + l)

s3 s s




u(t— e

-0.5 0 0.5 1 1.5 2 25 3

Example

Describe function depicted on graph by unit step functions and find its Laplace transform.

§i0]
24—
I
i2i 3i — t
-1+ [

1. Att = 0 the function looks like the very basic unit step function (90). But unit function knows only about 0
and 1, here we have f(t) = 2. That means we have to use 2u(t).

2. Then in time ¢ = 2 its value changes from 2 to —1 (i.e. 3 down at ¢ = 2) which means we have to add
—3u(t — 2).

3. Finally the value at ¢ = 3 jumps 1 higher, which brings member u(t — 3).

£(t) = 2u(t) — 3u(t — 2) + u(t — 3)

So far we collected unit step functions to express function from the graph. Now we have to use the rule (91) to
evaluate their Laplace transform.

ZfB)] = Z [2u(t)] = £ [Bu(t - 2)] + L [u(t - 3)] =
_ 2 3e % 1 e 3 ]

Example

Find f(t) if F(s) = e % /(s + 1).
We are given result in the domain s and we have to use inverse Laplace transform. Since member e 2 js
present, it is known that either a shift or intervals are involved. In this case it can be identified that the

shift was made to a = 2. The other member 1/(s* + 1) is—according to the table of transforms—the product of
sin kt when k = 1.

So we have

f(t) = u(t — 2)sin(t — 2) or f(t) = u2(t) sin(t — 2).

It is sin() moved on ¢ axis from zero to 1 and in such case the unit step function has to be involved to erase
whatever was before the beginning.

Example


http://math4/Laplace/#lapl_transform_table

Find f(t) if

14e™

F(s
(s) s2+1

We are given result in the domain s and we have to use inverse Laplace transform. Since member e~ ™° is

present, it is known that either a shift or interval is involved. In this case it can be identified that the
shift was made to a = 7. Now let us split the fraction into two and solve them separately.

1 e*ﬂ's
F p—
(s) s2+1 * s2+1

It comes from observation and from the table of transform that the first fraction is a product of sin kt when
k=1.

The second fraction involves shift to a = 7 and sin() as well. You will find that the second fraction corresponds
to f(t) = u(t — m) sin(t — 7).

So we have piecewise function, let us combine both members together.

f(t) =sint + ur(t) sin(t — m)

What we see is that the first part (sin ¢) is valid for the whole interval, while the second part is erased by u, for
t <mandfort>m: sin(t — m) comes into life.

We have enough information to transform f(t) into the case form:

sint 0<t<m
f) =19 . .
sint + 1 - sin(t — ) t>w
The second case deserves a note: it starts with sin ¢ because this member is valid from ¢ > 0. The number 1 is

value of u,(t) when ¢t > 7, because that is the purpose of the unit step function (to be one or zero). Finally
sin(t — ) is taken.

Now you can read from graph of sin() that sin(¢) = — sin(¢ — 7). The consequence is that in the second case
both sines cancel each other:

£t) = {sint 0<t<m

0 t>m

And that is the final answer.

Example
Solve DE y” + y = t with initial values y(7) =0, y'(7) =0
There is an inconvenience that the inital values are described at t = m but we expect them at ¢ = 0. We will
convert DE into other DE which has origin at 7:
w' +w=t+m, w(0) =0, w' (0) =0 (93)

We have moved with the origin of ¢ axis to 7, so the nonhomogenous term of new DE (93) has to have value of
t+ m. You can check that now at ¢t =0 within w everything behaves like at ¢t =7 within y. We used
substitution w(t) = y(t + 7). Now the DE is ready to be transformed and solved:

1
(S2W—5-0—0)+(8-0—0)—|—W:—2+§
s
1 U
2 _
W (s +1)—S—2+;
1 s 1
w=(=+Z
<32 s)s2+1
~ l+ms
Cs2(s2 + 1)

We have Laplace transform of solution w(t) The inverse transform of W(s) is made in example solved before.
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w(t) =m+t—mcost —sint
y(t) =7+ (t —m) — wcos(t —m) —sin(t —7) =t + wcost +sint

Example
Solve DE y" — by’ + 6y = e’ (2t — 3) with initial values y(0) = 1, y'(0) = —1

We have to transform each term to obtain equation in domain of Y'(s), where it is easy to solve. We will use
(88), (89) and table of transforms of basic functions (for the nonhomogenous members on the right side of

1 1
sV — s — (—1) = 5(sY —1) + 6V =2 - —3
(s—1) s—1
5 1 1
Y —s4+1—-58Y +5+6Y =2 > — 3
(s—1) s—1
) 1 1
Y(s*—5s+6)=2 > —3 —6+s
(s—1) s—1
Y_2—3(3—1)—6(5—1)2—1—8(3—1)2 1
N (s — 1) s2 —5s+6

v 2-35+3—6(s?—2s+1)+5(s> —2s+1)
(s —1)%(s — 2)(s — 3)
535657+ 125 — 6+ s° — 25 + s
B (s — 1)%(s — 2)(s — 3)
—1+10s — 852 + s*
(s —1)*(s — 2)(s — 3)

That was basic algebra in s domain. We have to continue with decomposition into partial fractions.

Y

A N B N C N D _ —14 105 — 8s% + 53

s—1 (s—1)) s5-2 -3 (s—1)*s—2)(s—3)
A(s—1)(s —2)(s —3)+B(s —2)(s — 3) +

+C(s—3)(s —1)* + D(s — 2)(s — 1)* = =1 + 10s — 8s> + &°

A(s® — 6s® + 115 — 6) + B(s* — 55 + 6) +
+C(s* — 55> +7s — 3) + D(s® — 4s” + 55 — 2) = —1 + 10s — 8s” + &°
s*(A+ C + D) + s*(—6A + B — 5C — 4D) +
+8(114 — 5B + 7C + 5D) + (—6A 4+ 6B — 3C — 2D) = —1 + 10s — 85 + s°

When system of 4 linear equations is solved we have three fractions, each of them represents one term of
solution of DE.

A+C+ D=1 A=0
—6A+ B—5C —4D= -8 B=1
11A — 5B+ 7C + 5D=10 C=5
—6A+6B—3C —2D= -1 D= -4
1 5 4
Y(s) = + -

(s — 1)2 s—2 s—3
y(t) = e 't + 5e * — 4e ¥

Example

Solve DE y” + y' = 7 with initial values y(0) = 7, 3'(0) =0



We have to transform each term to obtain equation in domain of Y(s), where it is easy to solve. We will use

(88), (89) and table of transforms of basic functions (for the nonhomogenous members on the right side of
DE).

1

(8’Y —sm —0) + (sY —7) = m =
s

Y —sm+sY — 7=

Y(s2+s):?+7r+s7r

Y:
s(s? +s)
1 2
Y_7r( + s+ s%)
s-s(s+1)

The fraction is too difficult for inverse transform. We have to split it into pieces by means of decomposition to
partial fractions.

n(l+s+s®) A B C

—_— ==

s-s(s+1) s s s+1

(1 + s+ %) = A(s)(s + 1) + B(s + 1) + Cs*

7+ s+ ms® = As®> + As + Bs + B + Cs®

7+ ms+ w8’ = s*(A+C) +s(A+ B) +1(B) =
= A=0,B=m C=mw

The solution is splitted into simple fractions:

™
s+1

The first fraction is Laplace transform of 7t, the second fraction can be identified as a Laplace transform of
—t
me .

Y(s)= = +
S

y(t) = nit + me” "

Example
Solve DE y” + y' = e! with initial values y(0) = 1, y'(0) =0

We have to transform each term to obtain equation in domain of Y'(s), where it is easy to solve. We will use
(88), (89) and table of transforms of basic functions (for the nonhomogenous members on the right side of
DE).

(82Y — 5 — 0) 4+ (sY — 1) = —

s—1
Y —s+sY — 1= 1

s—1
1

Y(s?+s)= +1+s
s—1
v _ 1+(s—1)+s(s—1)

TR
1+s—1+s2—5
(s —1)s(1+s)

The fraction is too difficult for inverse transform. We have to split it into pieces by means of decomposition to
partial fractions.
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s2 A B C

(3—1)5(1+s)_s—1+s s+1
s2=A(s)(s+1)+ B(s —1)(s + 1)+ C(s — 1)(s)
s> = As®* + As + Bs + Bs> — B+ Cs® — Cs
s>=s*(A+B+C)+s(A-C)—1(B) =

— A=1/2, B=0, C=1/2

The solution is splitted into simple fractions:

y(s):l. 1 1 _1
2 s-—1 2 s+1

The first fraction is Laplace transform of e !, the second fraction can be identified as a Laplace transform of

el.

1 1
y(t) = Ee_t + Eet

Example
Solve DE y” — y = sin t with initial values y(0) = —1, ¢’ (0) =0

We have to transform each term to obtain equation in domain of Y'(s), where it is easy to solve. We will use
(88), (89) and table of transforms of basic functions (for the nonhomogenous members on the right side of

1
2
sY+s—0)—(Y) =
( )~ ()= 505
1
S2Y - Y = — 8
s2+1
1—83—3s
Y(s?-1)=—" "=~
( ) s2+1
1-—83—3s

T2+ 1)(s—1)(s+1)

Such fraction is too difficult for inverse transform. We have to split it into pieces by means of decomposition to
partial fractions.

1—s®—s _As+B  _C D
(s2+1)(s—1)(s+1) s2+1 s—1 s+1

Let us multiply both sides by (s + 1)(s — 1)(s + 1):

1-s°—s=(As+B)(s—1)(s+1)+C(s> +1)(s +1) + D(s* + 1)(s — 1)
1-s>—s=As>+Bs> —As— B+ Cs®*+Cs*+ Cs+C + Ds® — Ds2 + Ds — D
1-s"-5=5"(A+C+D)+s*(B+C—-D)+s(—A+C+D)+1(—-B+C - D)

We are employing method of undetermined coefficients to find values A, B, C, D. That means there is a

system of linear equations (the first one is —1 = A + C + D) which is not shown and solved in here. Once the
system is solved, the results are

1
A=0,B=-=,C=—
) 2?

1 1 1 1 3 1
) =3 %31 31 5-1 as+1
We can use table of transforms of basic function to identify that the first fraction is transform of sint, the

second e~ ! and the last one is e’ .

1 1 3
y(t):—Esint—Ze_t——et
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Example

Solve the system of DE

— = —x+2y

No initial values are given, we have to provide arbitrary values z(0) = zo, y(0) =y, . First we transform both
equations by Laplace and then we solve in domain s.

(sX—zo)=Y (94)
(Y —yo) = X +2V (95)

From (94) we can express X and substitute into (95).

X=(Y +z0)/s

Y +
(sY+y0)——< m“) oy

s
Y
SY —yy = — = — = 2y
s s
Y
sY—i———2Y:yO—ﬂ
s s
1 s—z
Y(s+=—2)= 220
s s
Y(s? 4+ 1—2s) = yys — zo
s—z A B
g (96)

-7 1 Gy
yos —zo=A(s—1)+ B

Yos —xo=As— A+ B

Yos —xo = s(A) +1(-A+ B) =

== A=y, B=—z0+ 1y,

Yo +—mo+y0

s—1  (s—1)°

Y:

The method of undetermined coefficients was used to find A, B. The solution y(t) is inverse transform of Y'(s):

y(t) = e'y, + te' (yy — z0)-

There are more ways how to find x(t). This time (96) is substituted into (94):



YoS — To

sX —xg = o
(s—1)
2
YgS — To s“—2s+1
sX = =2 5 + o >
(s —1) (s —1)
X Yo — To + T8> — T * 28 + T
S =
(s—1)
x YoS + Tos? — x0 - 28
S —
(s —1)°
X_y0+xos—2m0_ A N B
(s—1)° s—1  (s—1)°

y0+$os—2$0=A(S—l)—|—B

Yo + zos —2x9 = As— A+ B

Yo + Tos — 2z9 = s(A) + 1(—-A+ B) =
= A=2x0, B=y; — o

Again the complicated fraction was decomposited into two simpler fractions, method of undetermined
coefficients was used to determine A, B.

z(t) = e’z + te' (y, — z0)

Example

Derive the system of differential equations describing the motion of two masses according to the picture. Use
Laplace transform to solve if ki=ky=ks=1, mi=ma2=1 and initial values

y1(0) =0, y/(0) = —1, y,(0) =0, y4(0) = 1.

The initial conditions say that both bodies are at their equilibrium point and have initial speed.

We can borrow general description of spring motion from chapter modeling: Mu + Cu + Ku = f. In this
example is no dumping involved, no external force. We are used to use variable y instead of u.

my” + ky=0 (general form)
m1yy + kiyy + k2(yy —y2) =0
mayy + ka(yy — v1) + ksyp =0

When the masses and spring constant are substituted:

Yl +y Yy — Y =0
Y+ Yy — Y Yy =0
Yyl +2y; —y, =0
Yy + 2y, —y; =0

We have a system of DE which will be solved by Laplace. Let us transform each member and solve in the
domain s.
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s2Y1 —5-0—(=1)+2Y; — Yy =
Yy —5-0—-14+2Y,—Y1 =0
SV 4142 - Y, =
%Y, —1+2Ys — Y1 =0
Yi(s? +2)+1—-Yy =
Ya(s? +2) —1-Y; =0 (97)

Y1 = (98)

Yy = (99)
Now (98) is substituted into (97).

Y, — 1
s2 42
Yy — 1
s2+2
Yost +2Y5s? — 2 +2Y5s? +4Ys —2—-Yo +1=0
Yost +4Yps® +3Y, —s2 —1=0
Ya(s* +4s% +3) =1+ s

Yao(s? +2) —1—

Yos2 +2Y — 1 —

=0

1 2
Yy = + s
(s2+1)(s® +3)
1
5243
The last line can be substituted into (98):
1 1-s2-3 —s2-2
5243 5243 5243 -1

T2 T 242 2212 243

The solution of the system of DE is done by inverse Laplace transform of Y7 (s) and Y>(s).

. 1
y1(t) = —sin+/3t - \_/g

i 1
valt) = sin V3t - —

w0

The response of the system

Example

Solve



0, t<35,
y' +4y=71(1), y(0)=0,y'(0)=0  f(t)= ¢ (t—5)/5, 5<t<10,
1, t>10.

I 1) —
0.8

0.6

RU]

04 -

02

The physical meaning of f(t) is known as ramp loading

The first step is to describe the given function f(¢) by means of unit step function, otherwise we can not make

Laplace transform of f(t).
t—>5 t—5
f(t) = us (T) — U1 (T) +ui(1l) =

! (t —5) + o505

= — U — u - - —

5 5 10 5 5
1 1

= gU5(t—5)—gU10(t—10)

The next step is usual: we have to transform each term of DE. The members of function f(¢), which involves
unit step time functions will be transformed the using shifting theorem (92).

11 11
2 _ - - =% - - _—10s
(sY—s-O—O)+4Y—5826 vk
1 —b5s 1 _—10s
e —<e
2 5 5
Y(s®+4)= 2
1 _—5s 1 —10s
v — ge —ge
s2(s2 +4)

Both the terms in numerator express time shift, not the functions themselves. Thus we can bring time shift
outside of the fraction and bring them back later.

Y = l 6—53 _ l 6—103 ;
5 5 s2(s% 4 4)

. . L. 1
We have to do partial fraction decomposition of D)

; — é + E + C’S_—i—D
s2(s2+4) s s s2+4
1= A(s)(s® +4) + B(s* + 4) + Cs(s®) + D(s%)
1=35(A+0C) +s*(B+ D) + s(44) + 1(4B) —
1 1
B=,A=0,C=0, D=
Then we have to do inverse transform of Y(s):

po(Bewobew) (2112
5 5 4 g2 8 s2+14

The inverse terms inside the second pair of parentheses are i t— % sin 2¢ and the inverse transform of Y(s) is
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1 1 1
y(t) = ( - ulg(t)> (Z t— g sin 2t) =
L (@) t L sin2t) — = ui(t) (=t — = sin2t
- —t— —sin ——u —t— —sin
5 8 5 0V 18

+ Note that both + t and = sin 2t are erased by unit step function: until 5 s there is a zero response.

« At time ¢ = 5 both members + t and 1 sm 2t become actlve (we also have to shift the functions according to
the shifting theorem): y(5 < t <10)=z%-7 Lig—5—1.1 < sin2(t — 5).

+ At time ¢t = 10 we have to subtract = ( (t —10) — § sin 2(t —10))

0, t <5,
1 1
y(t) = 55 (E=5) = gosm2(t—5),  5<t<10
) 1 1
?O_ESIHQ(t_5)+_OSIH2(t_1O) t > 10.

That is the final answer.

Example

Find the solution y(t) if

s 2 2 1
Y(s)ze <S—3+—2+;)

S

An event is happening at time ¢ = 1. According to the shifting theorem, it can be observed that each function is
time-shifted into ¢ = 1. Since they are shifted, they are also erased.

y(t) = u1(t) ((t 1) 20— 1)+ 1) —u ()2 -2+ 12— 24+ 1) =y (t) - 2.

What seemed as a time shift is finally ¢? erased until ¢ = 1. Indeed, such example has been computed above
already.

u(t - DE

g L

6 L

’;; 4

2 b

0

05 0 0s ! s 2 2s 3

f
Example
Find the solution y(t) if
(s) _ 2 _ l _ z 6738 o i 6733 + 3/2 6735 1/2 6738

s—1 s s 52 s—1 s+1

We can recognize some terms which are active from ¢ = 0 and some other terms shifted and active from time
t=3:
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y(t) = 2¢" — 1 — 2u3(t) —us(t) - (¢ - 3) + get_Bu:’, (t) + %e_(t_?’)ug(t)

Such solution is correct but not convenient and it is expected we provide also the case form:

y(t) =

which can be simplified to

Example

Find the solution y(t) if

|

y(t) =

W)

—1+ 2¢ 0<t<3,
3 1
—1+2et—2_(t—3)+§et*3+56*<t*3> t>3,
( -1+ 2¢* 0<t<3,
3 1
i2et—t+§et3+563t t> 3.
120 T T
Wl <3
100
80
60
40
20 + i
U i L L
0 0.5 1 1.5 2 2.5 3 3.5 4
T
—2s
e
Y(s) =
(s) s24+9

It can be observed that sine is involved, more precisely sin 3¢ which has been shifted to ¢ = 2.

y(t) = % sin 3(t — 2) - us(t)

So the solution is 1/3 sin 3¢t moved to ¢ = 2. The case form is more convenient:

(0

0.1 |

0.2 F

03 F

-0.4

0 t<2,

y(t) = % sin 3(¢ — 2)

0.4

t> 2.

0.1 -

N

) e

/




Example

Find the solution y(t) if

1 -5 1 —2s
Y(s) = =€ ~ 3¢

We can identify two functions f(¢) = ¢ which were moved to time ¢t = 1 and t = 2

F(t) = (t — Du(t — 1) — (¢t — 2)u(t — 2)

Such result, written with unit step function, is formally correct, but for convenience its case form is expected:

0 t<l,
f=<Lt—1 1<t<2,
1 t>2

M)

08

0.6

¥

04

02




Laplace transform

Additional properties and operations

As was told in the introduction, Laplace transform can handle e.g. impulse or periodic function as the driving
function. We are going to cover some more tools and operations here.

Laplace transform of functions multiplied by t"

We have experience that solving DE may led to solution which has to be prefixed by ¢, t2, .... For example
y® — 3y" + 2y’ = 0 has solution y, = c1 + coe’ + cste! — cae ™.

That might happen also to solutions based on sin(), cos() as well. Such functions might appear not only within
the solution, but also on the right side of DE.

It was told that Z[e®¢"] = n!/(s — a)""" and the general rule is

It F(s) = £[f(t)], then

2 0] = (1" () (100

Example
Find Z[t - '] and ,Sf[t2 - '] using the rule (100).

If f(t) = e’ then the Laplace transform is F(s) =1/(s — 1). That is easily solved or the tables can be used.
Now let us find Z[t - e!] and .Z[t? - e!]. For that purpose, let us differentiate F(s) once and twice.

Convolution

Solving DE by Laplace transform sometimes leads to such fractions which are not easily solved by partial
fraction decomposition. We would like to take the inverse way of such transforms.

For example might be not obvious how to be solved and then convolution theorem is a handy tool.

1
s(s24+1)

The convolution is defined by the following integral.

t
fra=gef= [ fr)gt—r)dr (101)
T=l
The convolution theorem states that

L) - Zgt)) = F(s) - G(s) = Z [f * g,

and we are more interested into the inverse form of the theorem:

£ VF(s)-G(s)) = f g (102)
Example
Use the convolution theorem to find inverse transform of F' (s) = (521+1) .

We can detect two fractions, which are products of f(t) = sin(¢) and g(¢) = 1. But this time they are multiplied
together and how to separate them into two fractions? If we do not know, we may feed them according to (102)




into (101).

Sy [ 1 1] _ |f(@)=sint e
s2+1 s g(t) =1
t
/ sinr-ldrz—cosﬂg:—costJrcosO:>
7=0
» 1
— & —— | =1 —cost
s(s2+1)

Note that the result could be also achieved by partial fraction decomposition if one knows all the rules.

1 A Bs+C
F e — | — —_—
(s) s(s2+1) s * s2+1
1=A(s®+1)+ Bs®> +Cs
1=5*(A+B)+5(C)+1(4A) = A=1,B=-1,0=0 —
1 1 s

s(s2+1) s 8241

And so we have approached the same result of inverse transform

&% 1[F(s)]=1— cost.

Transform of periodic function

In many applications the nonhomogeneous term in a linear DE is a periodic function. For example sin(t) and

cos(t) are periodic function with period of T' = 27. The Laplace transform of periodic function is

Z[fr(b)]

ZIf@)] = T where (103)

I FiO 0<t<T,
fT(t)_{ 0 t>T

So it is Laplace transform of the first period divided by 1 — e

Example

Determine the Laplace transform of function

1 o<t<T)2 B
f(t)—{o T/2<t<T fE+T)=f(t), t>0

biu}

T2 T 372 2
FIGURE 7.4.4 Square wave

14+— — —
I
I
t
T t

The function is periodic with a period 7T'. We have to evaluate Laplace transform of the first period and then use

theorem (103).



T T/2
Llfrt)] = / f(t)e ™ dt = / 1-e*dt=
0 0
1 T/2 1 1 1— —sT/2
:__e—st ———G_ST/z—(——GO):e—
s =0 s s s

The Laplace transform of the first period was evaluated by means of integral. Now substitute to (103):

176—5T/2

" 1— efsT/Q
Zf(t)] = =
@) 1—eT s(1—e>T)
1
L)) = ——————, §>0
0=
The last simplification comes from 11:;2 = %ﬂ

The Dirac delta function

The other useful property of Laplace transform is that it can apply an impulse as a driving function f(¢). It can
be either force, voltage or some other physical phenomena.

We want to have a function which in general has a value of zero for any ¢ except the peak within requested short
timeframe. As we have e.g. unit time function already, we would like if such "peak" function is unit also, namely
the area below the function is 1. Such function § was introduced by Paul Dirac in 1930. The function is defined
as

5(t —to) = { oz z :0 and (104)
0,

/ d(t—ty)dt=1
0

In fact, nothing actually behaves like this, but it serves well for solving problems. From purely mathematical
viewpoint, the Dirac delta is even not strictly a function.

y M

Eee

[
t

FIGURE 7.5.2 Unit impulse

The impulse proceeds in a very short timeframe, let us say in 0.1 s and the value of §(t — t¢) is then 10 (in
time t = ty). If we consider the timeframe shorter, the value of impulse has to grow, since it is a unit
impulse (area = 1). If the effect occurs "instanteneously" at t = t, it has an infinite magnitude.

Laplace transform of Dirac delta can be found from definition. Let us evaluate Laplace transform of
f(t) 8(t — to) and transform of Dirac delta itself is a case if f(¢) = 1 then:

LU0 8t —t0)) = [ e @) e~ o) de e f(0) [ ot~ o) at —
— L) 5t — to)] = e £(8) (105)




The integral is laid from zero to infinity. However § has a value of zero anywhere except its peak. That implies
that the limits of integral can be reduced to the vicinity of fg. And the interval is so small that the value of

functions e *! f(¢) are kept constant, therefore can be moved in front of integral. And what is left inside integral
is known to be 1 (from (104)). So the Laplace transform of f(t) §(t — to) is e ** f(¢).

Example

A mass of 1 kg is attached to a spring with spring constant k¥ = 1 N/m. The mass is at rest. At £ = 0 a hammer
blows an impulse 1 to the mass and the second blow at 7' = 27. What is the response of the system?

We have some idea how the system behaves from the chapter modeling. We know that the DE of mass on the

spring is described as Mu + Cu + Ku = f. There is no damping in this example considered, so let us use the
equation in form

my" +ky=f(t),  y(0)=0,y'(0)=0
After substituting m = 1, k = 1 and f(¢) = 6(¢t — 0) + (¢ — 27) we have DE to solve.

y" +y=6(t) + o(t — 2n)
S2Y +Y =€ 4%
Y(s2 +1)=1+ e 2
1 +e—27rs 1 6_271—5

= +
s24+1 s241  s2+41

The first fraction can be identified as a product of sin¢. The second is also sint and term e 2™ records time
shift at t = 2.
y(t) = sint + uor (t) sin(t — 27) = sint + wuor (¢) sin(t)

The final answer has to be written in the case form:

sin t 0<t<2nm
y(t) = .
2sint t> 27

Example

Nonhomogeneous member on the right side of DE is f(t) =2§(t — m) — §(t — 2m). Find the transformed
function F(s).

We are going to transform impulse (Dirac delta function). There are two impulses, the first one at ¢ = m, the
second one at t = 27. These impulses last for infinitesimally small timeframe and they are of unit size (area is 1
when integrated). That means if we use definition of Laplace transform ( fooo e*Sté(to) dt), the member e
anywhere where delta function is nonzero can be considered as not changing and can be taken as e *"* in front

of the integral. Then e *!* has to be multiplied by integral. Only delta function remains in integral and it is
known from the definition of Dirac function that the value of integral is one.

F(S) _ efws _’_67271'3

Example

Nonhomogeneous member on the right side of DE is f(¢) = §(t — 2m) cos ¢. Find the transformed function F'(s).

The task is to transform 6(t — 27r) cost. If we use the definition of Laplace transform, we have
fooo e tsint 5(t0) dt. Anywhere except at ¢y = 27 the Dirac delta function has value of zero. Whatever makes

any sense to multiply happens at ¢t = 2. Since it is at single point, e *! sin ¢ is not changing and can be taken
outside of the integral. And the value of integral is known to be one from the definition of the Dirac function.

F(s)=e ™ cos2m = e ™

Example
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Find the first and the second antiderivative of 6(¢ — 1).

For the first antiderivative we have to solve

y'=6t-1), y0)=0

Let us transform each member and solve:

sY —y(0)=¢€""
sY =e ¢
Y(s) = =

The solution is then

y(t) =1-ui(t) = ui(?)

For the second antiderivative we have to solve

y"=6t—1), y(0)=0,3(0)=0

Let us transform each member and solve:

sY — sy(0) —y'(0) =e*
S’V =¢ ¢

Y(s)= <

52

The solution is then

y(t) = —1) - ui(?)

Ot = 1) U1 = 1) e

le+12 1

8e+l1l 0.8

6e+11 0.6

()
()
w0

de+11 04

2e+11 0.2

0.8

04

0.2

(=Dt = 1) e—

0.5




Laplace transform

Solving partial DE (PDE)

The task arises from physical situations (heat equation; distribution of heat in a given region over time). We
have function u of two variables: u(z,t), where the variable ¢ represents time ¢ > 0, the other variable z is a
location. Laplace transform of u(z,t) is ZL[u(z,t)] = [, u(z,t)e ' dt, where paramater z is treated as a
constant. We still use capital letter to denote Laplace transform of a given function:

Lu(z,t)) =U(z,s) =U

Since differential equation to solve can look like (examples)

Ou  Ou _

ox Lot
o*u  d%u
a7 e I

we need Laplace transforms of corresponding derivatives—and these are analogy to Laplace transform of
function y(t).

ZLui(z,t)]| =2 [%] = sU(z, s) — u(z,0), (106)
L un(z,t)] = L l%‘ = s2U(z, s) — su(, 0) — u(z, 0). (107)

Since we are transforming with respect to ¢, we further suppose it is legitimate to move du/dz to front of
integral:

d%u © 0% > [ d?
< [Uz($,t)] =2 lw] _A € w dt = w . € u(w,t) dt = w < [u(w,t)]
So we will put
% [a_“]: ﬂ, (108)
Ox dz

0*u | d*U
L | —|= . 109
laaﬁ] dx? (109)

The PDE will be converted into ordinary DE (ODE).

Example

Oou Ou
%-l-azx z>0,t>0, u(z=0,t) =0, u(z,t=0)=0

We are given a partial differential equation (PDE). We solve by Laplace, so we have to transform each term.
Transform is made with respect to time ¢, the other dimension x is considered to be a constant. To
transform Ju/0t, it is an analogy with y' (t) = dy/dt and we use (106). For u/0z, we drag 8/0z out of the
integral, because the transform proceeds over t, while differentiation is with respect to  and then we have—
according to (108) —%Z[0u/0z] = d/dx U .

dUu 1
E—i—sU(m,s)—u(w,O)fm- S
dUu 1
%+SU(SB,S)—LE-;

u(z, 0) = 0 is given by boundary/initial conditions. We have converted PDE into ODE: the last equation can be




solved as linear DE. Now dependent variable is U, independent is 2. We are solving U(z), s is considered to be
a constant.

U'—&—";U:a:l — P(z)=5 = p(z) =/ PO I —fsds _ g5
s

The linear DE are solved by identifying P(z) in order to express integrating factor pu(z) = e/P®@dz The
integrating factor u(z) is used to multiply DE and then it is easy to integrate, because on the left side is
d/dz p(z)y(x) or in current case d/dzx u(z)U(z).

1

!
e’*U" 4+ e’*sU = s*"x —
s

d 1
%eszU:eszm;
- 1 (sz—1)e*
e'lU=—-——7—+c¢
s s
Uz, s) 1 s;v—1+ sz T 1+ .
z,s) = —- ce =— — — +ce
’ s 52 s2 8

The integral of e**x is solved by integrating by parts. We use the product rule for differentiation
backwards.

(uv)':u'v—i—uv' = u'v:(uv)' —u = /u’y:m;_/uv’

Then we have to locate one term, which is easy to differentiate (x) and the second one, which is easy to
integrate (e**).

1
! ST ST
u =e u=—e 1 1 1 1
erdr = s =—ez — —esmdm:m—esz—je”:
i S S S S

V=2 v =1

(zs —1)e™
52

We are used to evaluate arbitrary constants as c¢ here (product of integration) by applying initial/boundary
values:

1
u(z=0,t) =0 = U(z=0,5) =0 = O:—%+c — == =
s s
T 1 1
= U(z,8)=— ——+ —¢e %
(= 9) RN RO

We reached the solution but it is in s domain. Finally we have to go through inverse Laplace transform.

1 1
u(a:,t):act—Etz—I—u(t—ar:)-a(t—ar:)2

Note: here notation u(t — x) is equivalent of u.(¢) and is unit step function (the product of inverse Laplace
transform of e *? ). The above solution is formally correct, but we should rather use the case form. The first two
terms do not depend on any unit step function and are valid from zero to infinity. The last term, because of unit
step function u, (), is inactive until t = :

u(z, t) =

That can be further simplified to
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Fourier serier

Number of terms = 3

h
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Approximation of the square function by Fourier series

Fourier series is a way to represent a function as a combination of simple sine waves. More formally, it
decomposes any periodic function or periodic signal into a sum of a (possibly infinite) set of simple oscillating
functions, namely sines and cosines. Fourier series does not try to approximate given function around interested
point but approximates the whole interval.

With Fourier series, any function, which is periodic on 27, can be expressed as

f(t) = (%0 + ay cos nt + by, sin nt. (110)

n=1

Fourier series for solving DE

Suppose, that the input function of DE is sin nt. Then we are able to calculate response y(t). Fourier series is
useful tool to solve linear DE (e.g. ¥” + a1y’ + aoy = f(t)). If the solution can be expressed for one sine, then,
because of linearity and superposition, the method is applicable also for Fourier series. The advantage is
there are no restrictions for the function f(t) on the right side. Recall the other methods which have
limitation of the nonhomogeneous member: they have to be expressed in terms as e’, sint and so on.

We want to calculate Fourier series for a given function z(t), which is periodic on 2.

Orthogonality of functions

In order to derive formula expressing coefficients a,, b, in (110) we have to be familiar with orthogonality of
functions.

Two functions are orthogonal on an interval [a, b] if their inner product is zero:

[ nonwa=o

The set of functions { f,(t), f,(t), ...} is orthogonal on an interval [a, b] if

/bfm(t)fn(t) dt =0 foreachm #n

Orthogonal has meaning similar to perpendicular, however we do not use such term. In this chapter we are
more interested into orthogonality of sines and cosines on interval [—m, 7] . It can be shown, that if we have a set
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of functions S

{cosnt n=0,1,...,00

sin mt m=1,2,...,00,

then any distinct combination from the set is orthogonal (their inner product is zero) on [—, 7. Only

s
/ sin® nt dt

s
/ cos® nt dt
—T

sin(f) sin(t)

08
0.6
0.4
02

0

1G]
o

nn

-0.2

-0.4

-0.6

-0.8 4 =0.8

-1 -1
-4 -3 - 4 -4 -3 -2 -1 0 1 2 3 4

1 2 3
08 08
0.6
0.4
02
1 2 3

-1 0

! cos(l) ——
0.6
04
02

0
02
04
0.6
038 \

-1

-4 3

2
-2 -1 0
t

M)
S

U]

sin(24)

4 -4 -3 -2 -1 0 1 2 3 4
t

To illustrate the orthogonality of the functions mentioned. It should be obvious, that the inner product in
both above examples is zero (f:rTr sint costdt = 0, f:r sint sin2t dt = 0).

So now we have a task to find values of coefficients a,,, b, for a given function f (t) of 27 period. Let us find a,
for cosines, because b, is the same logic.

f(t)=---+arcoskt + --- + a, cosnt + ...

In the above expression a,, cos nit is the term which we are studying—we want to determine a, . The other term
is just some other term. Now let us multiply each member by cos nt.

cosnt f(t) =--- + apcoskt - cosnt + - - + an cos’ nt + ...
And finally let us integrate on interval [—, 7]:

s s ™
/cosntf(t)dtz---—i—/ akcoskt-cosntdt—l—---—}-/ an, cos>ntdt + ...

™ ™ —T

Because of orthogonality all some other members are zero, so we can express a,

an = 1 /ﬂf(t) cosnt dt (111)
™ J 7

by = %/_: £(¢) sinnt dt (112)

Tools helpful to shorten the calculations

Function is odd or even
If the function is odd or even, there are only sines or cosines within series.




y=x2

S| e
f=) X

f(=x), ()

—X

Even function 0dd function

Function is even: Fourier series consists only of cosine terms, all b,, are zero.
Function is odd: Fourier series consists only of sine terms, all a,, are zero.

If function is odd or even, it is better to integrate on half-interval [0, 7] instead of |7, 7] and double the
result. In the case of cosine it is obvious why we can use the double result of integral foﬁ . In the case of sine,
both sine and function f(t) are either positive or negative, so the result has to be positive also.

Convergence of Fourier series

The series converges to f(t) except the points where the function is not continuous. If there is a discontinuity at
to, the series converges to the midpoint.

Vi
7/ 7 1T
s 7’ // //
4 Ve - 7’ e
//| ] VAN | ] | v/| I V/I
——t——1—————e—] — & @ @ X
~10 ,8 -6 ,7Z4 -2 | 2,74 6 ,28 10
4 7’/ 4 '
4 V4 1 Vs 7

Fourier series converges to f(t) except the points of discontinuity. In such points it converts to the
middle.

Extensions

Period other than 27

It would be not much useful if we could work only with functions with period of 27. Instead of half-period ™ we
will have p (the period is 2p). Instead of cos nt we have cos nt — and for the series

ft) == + Z an COS nt L b, sinnt = (113)
P

the rules to express coefficients are

1 [P

= —/ z(t) cos nt T at (114)
P Jp p
1 [P

= —/ z(t) sin nt T at (115)
P Jyp p

Given function is not periodic

Even if the function is defined on interval (0, p), but is not periodic, we can use Fourier series. The function can
be extended either to an odd or even function.
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(¢) Fourier series

FIGURE 11.3.11 Same function on (0, L) but different periodic extensions

Example

Find the Fourier series of square 27 periodic wave defined on interval [—m, 7] as

0 -1 <t<0,
z(t) =
1 O<t<m.

See also red line on the below graph.

We have a case with a period of 27. In order to collect serier (110) we have to evaluate ag, an, by. It can be
observed from the graph of given periodic function that a9 = 1, because the first term of series (mean,
average) has to be ag/2 = 0.5. Then it is clear that the given function is odd.

If the function is odd, all a,, associated with cosines remain zero, the cosine members are inactive, cosines are
not helpful in describing the function. We can use integral (111) to express coefficients anyway, but it will be
wasting the effort since the outcame is given to be zero.

So let us do the math for b,, and also for ag:

1 [ 1
0
T Jo s T

1 /r 1 /r 1 1 T
b, = —/ z(t) sinnt dt = —/ 1-sinntdt=— [——cosnt} =

L - 7 Jo T n 0
1

. -1 1—cosnr 1—(-1)"
= — — [cosnt]; = — (cosnm — cos0) = =
™ ™ ™ ™
Since n = 1,2, 3, ..., the term cos n7 could be simplified as the below table suggest to (—1)".
n 0 1 23

cosnm 1 -1 1 -1

The coefficients are ready so the Fourier series can be evaluated from (110):



1 & 1-—(-1)" 1 &4 2sinnt
t) == innt = = kit
z(?) 2+; ™ s 2+; ™
ao 1
1 1+1
n=1 f(t):§—|— 7 sint
1 2
n=2 f(t)zi—i—;sint—f—o
1 2 2
n=3 f(t):5+;smt+0+§sm3t
1 2 2
n=4 f(t):§+;smt+0+§sm3t+0
1 2 2 2
n=>5 f(t)za—|—;smt—|—0+§sm3t—|—0+§sm5t

=3
5 —

s 33N
L — o
—t .

ba
nmnnn=

0.6 -

b0}

04

02

02 F

The given function is a square function in red color.

The function labeled with n = 0 includes only the zeroest term ag /2.
The function labeled with n = 1 includes ag/2 and the first member.
The function labeled with n = 3 includes a0/2 and the first three members.
The function labeled with n = 5 includes ag /2 and the first five members.

Example
Find the Fourier series of function z(t) = ¢ periodic on interval (—, )
The given function is depicted in red within the below graph.

The function is symetric so it is going to consist of cosine terms, all b, = 0. We are going to use integration by
parts [u'v=wuv — [uv' to evaluate ay.



1 [ 2 [T o []" 2 #¥ 2
(10:—/ 1-t2dt:—/ Pdt=—|— _ L. _Zp
T J_ . T Jo T |3 o T 3 3

1
u' =cosnt w=—sinnt
an: — cosntt dt = — cosntt dt = n =
v =t v =2t
1

= | = ( = sinnt ¢? - — —smnt 2t dt =

T \n i

2 4 [T ' sinnt u=—— -~ t
:—(sinn7r7r2—0)——/ sinnt - tdt = | T S W TSI

nmw nw Jo /

v=t v =
4 1 i 1
=0—-— —t —cosnt| — ——cosntdt | =
nmw n 0 0 n
4 1 11 . N 4 1 4
=—— | (-7 =cosnm —0)+ — |—sinnt = — — (-7 —cosnm) = — cosnmw =
s n n|n 0 nmw n n

4

== (-1)"
Since n =1,2,3, ..., the term cos n7 could be simplified as the below table suggest to (—1)".
n 0 1 23

cosnm 1 -1 1 -1

The coefficients are ready so the Fourier series can be evaluated from (110):

f(t) = —7r —I—Z—( 1)" cos nt

wwonn=

WK — o

ERE ]

(1)

The given function is periodic t? function in red color.

The function labeled with n = 0 includes only the zeroest term ag /2.
The function labeled with n = 1 includes ag/2 and the first member.
The function labeled with n = 2 includes a0/2 and the first two members.
The function labeled with n = 3 includes ag/2 and the first three members.



Fourier serier

Solving DE by Fourier series

The Fourier series decomposes periodic or bounded function into simple sinusoids. It is difficult to work
with functions as e.g. square waves, sawtooth are and it is easy to work with sines.

Modal analysis, natural frequencies, vibrations, dynamic behaviour

Fourier series are useful to study resonances of a system. Fourier analysis is able to decompose f(¢) into pure
oscillations

f(t) = by sinwit + by sinwat + by sinwst + ...

That is very useful, because then we can analyze which frequencies are main or important within response. We
can work with arbitrary periodic function (sine, cosine), solve individually and then recombine to obtain the
solution of the original problem (superposition principle).

Natural frequencies characterize the basic behaviour of the system and indicate how the structure will respond
to a dynamic loading. There are many reasons to compute the natural frequencies and mode shapes of the
structure. For example a rotating machine is to be installed on the floor and it is necessary to determine if the
operating frequency of the engine is close to one of the natural frequencies of the building. If the frequencies
are too close the consequence might be structural damage or failure.

Example

Solve DE describing free undamped motion of spring mass system:
my" +ky=0  y(0)=0, y(T)=0
Note: the example is not solved using the Fourier series and serves to review spring-mass system and natural

frequency.

We are solving free motion (no external force) of the mass on the spring. The boundary conditions tell us that at
t =0 and at t = T the mass has to be found in position of equilibrium. If we use natural angular frequency
of the system wo = \/ k / m, the same DE can be written as

y// +w2y20_

Such DE is linear with constant coefficients and can be solved by means of auxiliary equation

m? +u’ =0 = m={—iw, iw}

Then the solution is

y= Cre ™ 4+ Cye™ = ¢y sin wt + ¢ cos wt.
Let us use boundary conditions to find c1, c2:
y(t=0)=0: 0=cisin(w-0)+c2cos(w-0) = c2=0
yt=T)=0: 0=csinwT

Now if we accept also ¢; = 0, we have trivial solution. Such solution is not much useful, because there is no
motion described. The mass stays conserved at equilibrium position (does not move). We are looking for
nontrivial solution, which comes from the fact that sin n7 is zero for eachn =1, 2, 3,

" nmw
wt=nT —= w=—
T

In other words we can expres other (nontrivial) solution (regardless the value of ¢y ):

. nm ;
= Sin — .
y T

The above solution can be listed as a sequence of solutions:
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.t . 27t . 3wt
Y1 :sm?, yzzsmT, y3=SIHT,
All these solutions are in chord with the complementary function found and at the same time satisfy given
boundary conditions. The only issue is that the natural frequency of the system has to fit into given boundary
conditions. The half-period of natural frequency has to be T, 27", 37T, ... and then the mass passes the
requested position once, twice, three times, ... Otherwise the DE has only the trivial solution.

The numbers w? = (n?72)/T?, for which the problem posseses nontrivial solutions, are known as eigenvalues
and the nontrivial solutions y,, y, ..., y, are known as eigenfunctions.

Note: y" + 5y =0, y(0) =0, y(T) =0 has no trivial solution. The mass is not going to appear back into
requested zero position at the requested time 7', because its natural frequency is not tuned with the time
period T'.

Example

Find the particular solution of the spring/mass system y” + wly = f(t), if driving force of period T = 2's is

f(t) =

1 0<t<1,
0 1<t<?2.

and natural frequency of the system is wy = 10.

Firstly, let us discuss why we are finding particular solution y, and not complementary function y.. The
complementary function is a transient solution: self motion with no driving force involved. In general, because
of damping, lim; . y,.(t) =0. We are rather interested into the particular solution (steady periodic
solution), which is the response to the driving force f(t).

Given periodic wave f (t) expressed as a Fourier series is (not solved here)

Zd: sin nt7r

l\D|b—l
>1|M

f(t) =

=

So it is a series of sin ntw where each sine has a coefficient b, = 2/(mn) if n =1, 3, 5, ... If we can solve
this DE with/for one sine, then the same applies to the series of sines. The nonhomogeneous function
f(t) on the right side involves sine. According to the method of undetermined coefficients we have to expect
particular solution in the form y, = A cos ntm + Bsinntr. But because there is no y’ within DE, cosine terms
have no origin to come from and can be overlooked:

odd
y, = Y _ Bnsinntr+ A (116)
n=1
odd

Yp = — E Bnnzﬂ2 sin ntw
n=1

Let us do what we are used to do: substitute y,,, yy into the DE y” + w%y = f(¢).
odd odd 2

odd

sin ntmw
—ZBnnﬂ' smnt7r+wOZB smntﬂ'—i—ng— Z
— - n—1

=l |

By method of undetermined coefficients, the coefficient A is easy to solve: A =1/ 2w3. The coefficient B,, can
be solved in the same way as there is only B (with no series):

odd odd _:
2 sin ntmw
B 2 22\ : —— s e
E n(wy —n°m7) sinntr = - E -
2 1
Bn = T n(w? — n?n?)
0

The sine series of the solution is determined and let us list a few terms to investigate dominant frequencies.



2 1
n=1: Bj=————0——=0.007063
T 1(102 — 172)
2 1
n=3: Bg=— ———— —0.018992
T 3(10% — 3%272)
2 1
n=5: By=— ————— — _(.000868
7T 5(10% — 5272)
2 1
n=7: Br=——/6 —_0.000237
T 7(10% — 7?72)
2 1
n=9: Bg=— ————— — _0.000101
T 9(10% — 9272)

Now the found coefficients can be substituted back into particular solution (116).

1
yp(t) = 2—2 + 0.007063 sin 7t + 0.018992 sin 37t — 0.000868 sin bnt —
Wo
— 0.000237 sin 7wt — 0.000101 sin 97t — ...

The amplitude of sin 37t (i.e. for w = 3m) is the highest. The system is not going to respond equally to all
frequencies but favors frequencies close to its natural frequency.

Example

Solve the spring/mass system y” + 0.05y" + 10.01y = f(¢) if f(t) is periodic function

f0) = {_1 0<t<m,

1 T <t<2m.

From the given DE can be observed that it is a system with damping, where the mass is 1 kg and spring
constant is 10.01 N/m. The natural frequency of the system is wg = /k/m = 1/10.01/1 = 3.164 s!

Given periodic wave f (t) expressed as a Fourier series is (not solved here)

4 odd 1
t) = — — sinnt.
f(t) Z —sinn

n=1

So now we have DE with sine on the right side and we are looking for a particular solution y,, which is a

response to the driving force f,(t). We are not going to study complementary function y,, which is only a
solution of self motion, which is going—due to the damping—to zero anyway and is only a transient solution.

We have differential equation of the second order with constant coefficients with sine term on the right side.
Such DE is easily solved by method of undetermined coefficients: let us collect expected terms sin nt and cos nt
and then we have to solve constants A, B:

odd odd
y,= Y Bpsinnt+ Y A, cosnt (117)
n=1 n=1
odd odd
Yp= Z B,cosnt-n — Z A,sinnt -n
n=1 n=1
odd odd
Yp= —Zaninnt-n2 - ZAncosnt - n?
n=1 n=1

Let us substitute y,,, Yp, Yp into DE and solve coefficients A, B by method of undetermined coefficients as
usually:
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odd odd
- B, sinnt - n® — E A, cosnt -n? +

n=1 n=1
odd odd
+0.05 Z B, cosnt-n — Z A,sinnt-n | +
n=1 n=1
odd odd 4 odd 1
+10.01 Z B, sinnt + Z A,cosnt| = =— Z — sin nt
n=1 n=1 n n=1 n
odd
) " sinnt(—Bun® — 0.054,n + 10.01B,) +
n=1
odd 4 odd 1
Z cos nt(—Ann2 +0.05B,n + 10.014,) = — z — sinnt
n=1 n n=1 n
4
—B,n* — 0.054,n + 10.01B, = — (118)
™
—A,n* +0.05B,n + 10.014, = 0 (119)

From (119) express A, :

Ay (—n® +10.01) = —0.05B,n

—0.05B,n 0.05B,n

"7 10.01 — 2 n2 —10.01

and substitute into (118):

0.05B, 4
—B,n? —0.05 —="" ) +10.01B, = —
n? —10.01 ™
B 4(10.01 — n?)
-
™ (0.052n2 +(n? — 10.01)2)
e —0.2

- (0.052112 + (n? — 10.01)2)

We can form the Fourier series of the response y, (t) if we use coefficients within (117). It is likely to be a
messy motion, but this Fourier analysis served to decompose the motion into pure oscillations. The important
information can be obtained by studying amplitudes C), of particular frequencies:

n=1: A1=—0.0008 | C; = 0.1413
Bi= +0.1413
Az= —0.0611

n=3: 3= —0.06 — (O3 = 0.4156
Bs= +0.4111
As= —0.

n=>5: 5= 00003 [ Cs = 0.0170
Bs= —0.0170
A= —0.

n="7: 7=—0.0000 ( C7 = 0.0047
Br= —0.0047

The first and the second frequencies are the most important. For n = 3 is w = 3 and such frequency is close to
the natural frequency wy = 3.164 s~! of the system.

Note: since cos nt is phase delayed /2 = 90° after sin nt, there is a right angle between the actual amplitudes

of sine and cosine. Therefore, the resultant (maximum amplitude) at particular frequency is C,, = \/ Afl + Bi.

Example

Solve the spring/mass system 2z” + 1872z = f(t) if f(t) is periodic function



~1  —1<t<0,
t) = =
f) { 1 1<t<2.

From the given DE can be observed that it is a system with no damping, where the mass is likely 2 kg and the
natural frequency of the system is wy = |/k/m = /187%/2 = 3.

From auxiliary equation

m?+w =0 = m=+iw
Yy, = Cle—zwx + Czeiwz or
Y, = c1 sinwz + ¢z coswx (120)

The complementary function was obtained from associated homogeneous DE and describes self motion with no
external load involved. Since we are solving induced motion, y, can be considered as a transient solution only.

Given periodic wave f(t) expressed as a Fourier series is
odd 4
t) = — sin ntm.
fH=3 —

n=1

The function given has half-period p = 1. The series is odd, so only b,, cos w,t terms are involved. We do
not need to solve a,,. If we solve them anyway, they are going to turn to be zero.

1 [P 2 [P 2 177
b, = —/ f(t) sinnt — df = —/ sinntr dt = — [— cosntm —] =
pJp P pJo p

n |,
2 1 2 1 2
= — (— —) (cosnpm — cos0) = — — - — (cosnm — 1) = — — (—2)
D nm p nw nw
4
b, = — for n odd
nw

If the right side is 4/n7 ) sin nt7 and there is no z' within DE, the particular solution is expected in the form
zp = By Y sinntr for n odd, no cosine terms involved. The trouble here is that sumation includes also
sin 3tw and that term is already part of the complementary function (120) with arbitrary constant c; .
As was discussed in chapter Undetermined coefficients—Superposition approach, we have to solve the
particular solution for ¢ - sin 3¢7 and its derivatives.

The particular solution is then expected as

zp(t) = zp (t) + Tp, (t) (121)
odd
Ty (t) = Z B, sinntr
n=1,n#3
Tpo(t) = Az cos3tm -t + Bssin3tr -t + C cos 3tw + D sin 3tw (122)

The terms cos 3tm, sin 3tm are already included within y, so they are voided from x, again.

odd
zp1(t) = Z B, sinntw
n=1,n#3
odd
Ty (t)=— Z B, sinntr - n?m?
n=1,n#3

Let us substitute solution x,, into DE to solve the coefficients.


http://math4/HigherOrder_DE_undetermined_superposition/

4
-2 Z B, sinntm - n’r? + 1872 Z By, sinntw = z — sin ntm

4
}: —9B,n?x? + 18 23n> 0 b —
( n"m° + 18w sin ntm g _nﬂ'

4
—2B,n’n% 4+ 187*B, = —
nim
4
Bn(—2n*n? 4+ 187%) = —
nm
4 2

Bn — e
—2n373 4+ 18nw3  nw3(9 — n?)

Zp2(t) = Ascos3mt -t + Bzsin3nt -t
m%z (t) = As cos 3nt — 3wAs sin 37t - t + Bj sin 3wt + 3w B3 cos 3t - t

mgz (t) = —6mAs3 sin 3wt — 9A37? cos 3wt - t + 6w B3 cos 3wt — 9Bsw? sin 3nt - ¢

Let us substitute 7 into DE 22" + 1872z = f(t).

—127 A sin 3wt — 18 A3m? cos 3wt - t + 12w B3 cos 3wt — 18 By sin3nt - t +

4
+1872 A3 cos3mt - t + 187 By sin 3t - t = 3. sin 37t
T

4
—127As sin 3wt + 127w B3 cos 3wt = 3. sin 37t
T

And method of undetermined coefficients gives us

—127TA3:— :>A3:——

B3 =0

Now we can go back to (121) and complete the particular solution.

odd 2

1
z,(t) = — —— cos 3wt + ————sinntw
o) 92 n=§;ﬁ3 nm3(9 — n?)

To study resonancy and which frequencies are main when the system is loaded by f(t), we have to evaluate the
coefficients:

wi=7m: By =806x10"°
wy3=3m:  A3=-11.25x10"°
ws =5m:  Bs=-0.81x103
wy=Tr:  B;=-023x103
wg=9m:  By=-0.10x 1073
w11 = 117 : B11 = —0.05 x 1073



Fourier series

Period T, stretched to infinity: envelope function

The Fourier series expects that the function f(t) is periodic. What if we want to use Fourier series for a
nonperiodic function? Either we can make such function periodic—but that is not always welcome—or we can
make that function periodic with size of the period Ty — oo. If we stretch the period 7 to infinity, then
periodic expression become nonperiodic.

So let us use Fourier series to represent periodic function and then observe what happens to Fourier series if we
stretch its period T to infinity.
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Approximation of the square function by three terms of Fourier series (n = 3).
A—The square wave is of width 1, the period Ty = 2
B—The square wave is of width 1, stretched to the period Ty = 4
C—The square wave is of width 1, stretched to the period Ty = 8

The three series depicted above use only the constant term ag / 2 and then first three terms by, by, bs for sine
and a1, a2, as for cosine functions. The coefficients for series were derived from integrals (not solved here) as:

o0
f(t)z%+Zancosntz+bnsinnt£, p:T0/2
n=1 p b
1 . m™

ap = — SIn —
™ P
1
bnz——(cosﬂ —1)
™ P

and if we list some of the first terms:

fo(t) = — 4 0.637 sin wt + 0.212 sin 37t + 0.127 sin 57t + ... (123)
fa(t) =

} ¢ ot ot 3t
fs(t) = 5 +0.003sin % +0.225 cos % +0.159 sin Tﬁ +0.159 cos % +0.181 sin % +... (125)

t t 27t 3t 3t
+0.318sin % +0.318 cos % 4 0.318sin Tﬂ + 0.106 sin Tﬂ — 0.106 cos 7” ... (124

Y e VA

We can express and use more terms of these functions. The coefficient a,,, b, were evaluated to build the series
and first one hundred of them are presented in graphs below. All the coefficients a,, b, from (123) to (125) can
be found in graphs below. It can be also read form the below graphs that the Fourier expansion of the above
square wave function A (Ty = 2) does not contain any cosine member a,, cos wyt:
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a

ay

First one hundred coefficients a1, asz,

Now let us show the same graphs again with slight difference. The domain of horizontal axis will not be n
(sequence of the coefficient) but it will be frequency w, associated with the coefficient a,, or b, . The vertical
axis will be normalized as well: we will divide its values by Tp / 2 (Ty is the period of the given function).

2/T R(X(w))

24T R(X(w)

0.35
03
0.25
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0.15
0.1
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-0.05
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0.25

0.2

To=4 mmm—m
Illlll----...
|||||..-.....
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n
' ' ) Ty=98
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0.1
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0.0‘6
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.., a100 of cosines (on the left) and by, by,
the right).

.., bigo for sines (on

Although it might be not obvious, there is a repeating pattern for a,, and other pattern for b,

1—The first row depicts coefficients a,,, b, for the square wave A of width 1 with the period Ty = 2

2—The second row depicts coefficients a,, b, for the square wave B of width 1 with period Ty = 4
3—The third row depicts coefficients a,, b, for the square wave C of width 1 with period Ty = 8
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Coefficients a,, (left) and b,, (right) for cosine and sine terms until w = 16.
The repeating pattern for both a,, and b,, is now obvious. The envelope is Fourier transform of
function z(t) made periodic with period Ty = co
1—The first row depicts coefficients a,,, b, for the above square wave A of width 1 with the period Ty = 2
2—The second row depicts coefficients a,, b, for the above square wave B of width 1 with period Ty = 4
3—The third row depicts coefficients a,,, b, for the above square wave C of width 1 with period Ty = 8

It can be observed that: when the coefficients a,, b, for a function x(t) are drawn in domain of frequencies,
they are closed by envelopes (one for sines, the other one for cosines). The envelope remains the same
regardless the period of the given function. If we stretch the period to infinity, there will be no red bars for each
coefficient, it becomes continuous, as the envelope is.

The opposite way is possible then: all the coefficients a,,, b, for Fourier series of a function can be read from
the envelope (which is the Fourier transform of z(t)). Only need them to refactor considering the required
period Tp.

Fourier transform

Because Fourier series involves both sines and cosines, it is reasonable rather to work with Fourier
series in terms of complex numbers instead of real numbers:

00
f(t): Z cnezwnt,
n=—o0

In such approach the series operates with both positive and negative frequencies w. Euler established the
relationship between the trigonometric functions and the complex exponential function: e =cost + isint.

X(w) = / " a(t)e " gt (126)

o0
The envelope of coefficients is the Fourier transform X (w) of the function x(t). The function z(t) is
transformed into domain of frequencies, where it is defined as X(w). The function is the same but its
representation is different. Unlike in Laplace transform, Fourier transform is easily intepretable: transformed
function X (w) holds Fourier series' coefficients ¢, for frequencies wy,. It can be also seen how much of any
given frequencies are present in z(t).

Then particular coefficient for particular frequency w,, and a periodicity Ty is

~ X(wn)
cp = T,

(127)

Since the Fourier transform holds representation of the given f(¢) in the domain of frequencies, then by means
of the above formula for every w;, the coefficient of the Fourier series can be asked to reconstruct function ()
(in term of the Fourier series—see the example below). Note that ¢, is a complex number. Conversion has to be
done between real and complex numbers: a, = 2R(¢,), b, = —27(c,). The inverse Fourier transform is

1 & ;
z(t) = %/ X(w)e™ dw

Note: although not mentioned in the chapter Laplace transform, also inverse Laplace transform has integral
similar to the above one as a way to evaluate inverse Laplace transform. Similarly to Laplace transform, if X (w)
is Fourier transform of z(¢), then we write

Fz(t)] = X(w)
F X ()] = (1)




and transform can be also used to solve differential equations.

Now, when we have a definition and a tool (126) to transform a nonperiodic signal into frequency domain, we
can make some example.

Example
Find a Fourier tranform of Dirac impulse function § (t) (a unit impulse at t = 0).

We will use definition (126) to transform given function into frequency domain:

X(w) = / o(t)e ™ dt — / 5(t)e " dt
—00 —00

The value of §(t) is zero everywhere except at ¢ = 0. And at ¢t = 0, when integrated, its area is one (from

definition of Dirac delta function). Further, at the point ¢ = 0 the member e can be considered constant and

taken out of the integral. Then e ™ = =0 = 1.

o0

X(w) = e / S(t)dt—1-1=1
—00

The result says that all the frequencies have the same coefficient. We can draw the impulse as a Fourier series.

Let us choose for the purpose Ty = 2. The coefficient from (127) ¢, = 1/27 has real part only, so only cosine

is involved with a coefficient a, = 2 - R(c,) = 1/m.

F(t) ! +> ! o 2 +§: ! t
= — — COS w = — — cosnm
2m ™ " 2r  H 7

Let us draw how the impulse is represented by Fourier series if 5 and 10 terms are evaluated:

[ —
- 1§ 0 0 i

O.Z _ Mmﬂ f\m\mm\mﬂ ’\mmmmﬂ Hﬂ\m )

O.S&wwu u\yww\ww Ww\www W\M“M‘

-3 -2 -1 O Ir 2r 3r

4

Dirac delta function 6(t) at t = 0 expressed by cosines from Fourier transform in 5 and in 10 terms.

Note: there are many functions on (—o00,00), which do not posses a Fourier transform; e.g.
z(t) =t, z(t) =12, z(t) = .



Partial differential equation (PDE)

Problems from mathematics and physics

Differential equations describe many different physical systems, ranging form gravitation to fluid mechanics.
They are difficult to study, they usually have individual equation, which needs to be analyzed as a separate
problem.

A fundamental question for any PDE is the existence and uniqueness of a solution for given boundary
conditions. For nonlinear equations these questions are in general hard to answer.

Heat equation

U )

0 L *

FIGURE 12.3.1 Temperatures in
arod of length L

This problem occurs in the theory of heat flow—heat is transferred by conduction in a rod. The flow of
heat occurs only in the x dimension (the surface along the length is insulated). Such problem might sound
weird, but it is also the problem of heat flow through the wall.
The equation describing the heat equation problem is
d*u  Ou
dzr?2 ot

e  is a point along the rod (a rather simply spatial dimension);

k> 0.

e tis time;
+ k is a physical constant related to the material;

+ u(z,t) represents temperature at any point at any time.

So here is the equation describing the problem and the problem is defined also by its boundary and initial
values or conditions. For example

» temperature at a point is fixed (typically at the beginning/end of the rod);
« distribution of temperature in the body at time ¢t = 0 is given;

« flow at boundary is not allowed (the end is insulated): Bu/ Oox = 0|x: I

Laplace's equation

Laplace's equation is useful for solving many physical problems such as electrostatic, gravitational or velocity in
fluid mechanics. It can be also interpreted as a steady state temperature distribution. Laplace's equation in two
and three dimensions is abbreviated as

Viu=0, where
0*u  9%u

AL
YT 9a2 i Oy?

(for 2D).



Temperature as a
function of position Thermometer
on the hot plate

FIGURE 12.2.3 Steady-state

temperatures in a rectangular plate

Steady state solution u(z,y) of temperature distribution at any point (z,y) according to boundary
conditions.



Partial differential equation (PDE)

These kinds of DE occur in problems involving temperature distribution, vibrations and potentials. These
problems are described by relatively simple linear second order PDEs. The procedures described below are
used to reduce the problem into two or more linear DE.

We are going to work with function w, which as a function of two variables: either z(z,y) or u(z,t). Then the
second order PDE which is discussed can be described as

0%u d%u d%u ou ou
A— +B C D—+FE— +F(u) =G,
92 "B asay TC Gz TP o TEG TFW
where the coefficients A, B, C, ..., G are functions of z and y.

Separation of variables

We have no ambitions to find the general solution of such DE. That would be too difficult and it is not so useful.
We are looking for particular solutions in a form

u(z,y) = X(z) - Y(y)

Then it is sometimes possible to reduce given linear PDE (in two variables) into two ODEs. Assuming that the
solution is u(z, y) = X(z)Y (y) we have to be able to differentiate u(z,y) with respect to z, y and so on:

M _xry O _xy, &:X”Y, O%u _ ey,
T Yy z? y?

The above statements come from a product rule (one function is multiplied by another): let us have for
example u(z,y) = XY = (22)(y3). Then 0u/0z = (2z)(y3) + (2)(0) = 2zy> = X'Y.

If we can separate X to the left hand side of equation and Y to the right side of equation, then: the left side
depends on z and what is on the right (in terms of ) is a constant. The right side depends on y on what is on
the left (in terms of y) is constant. So we have two ODE which are solved against a constant (which is often
called separation constant \). It is easily demonstrated on examples:

Example
Use the method separation of variables to find product solution of PDE
ou ou
— +3—=0
Oz Oy

We are looking for a solution in the form y(z, y) = X(z) - Y (y). Let us use the solution within given PDE:

11
X'Y+3XY'=0 /'E?
1 1
X' = =-3Y"=
X Y

The left side is a constant from the point of view of the right side and conversely. We can solve two ODE

X'%:)\, —3Y’%:)\,

where ) is an arbitrary constant, X is X(z), Y is Y (y). Let us solve X' % = A first:

1
X' — =2
X
X' —AX=0

m—-—-A=0— m=2\
X(:c):qe)‘m




Now let us solve Y (y):

1
-3Y' ==
Y
-3Y' - Y =0
3Y'+ Y =0

w| >

Y(y) = 026_)‘/3y
Since we expected solution in the form u(z, y) = X(z)Y (y):
u(z,y) = c1e™ - coe M = caeMF1/3Y)

The constant A was laid as an arbitrary constant also. But it would be weird to use A, let us rather use ¢y
instead:

u(z,y) = c3 e4B7y)

Example
Use the method separation of variables to find product solution of PDE u, = uy +u

We are looking for a solution in the form y(z,y) = X(z) - Y(y) of PDE

ou ou
S =5 tu

or Oy

Let us use the solution y(z,y) = X(x) - Y(y) within given PDE:

11
X'Y=Y'X+XY C——
/ XY
1 1
—X'==Y'+1
X Y

As in the previous example, we have to separate variable  from y. The consequence is we are solving two ODE
(128) and (129) with arbitrary constant then A instead of PDE:

1 1
—X'=A==Y'+1

X vy o

1

}X':)\ (128)
1/
?—‘rlz)\ (129)

The first DE % X' = X has been solved in the previous example and its solution is X(z) = ¢; e’ . The second
one has solution

1
?Y’+1:>\ /Y
1Y'+Y(1-X)=0
m+(1-A)=0= m=A-1
Y(y) = cre®

Then we collect the solution of two ODE into expected form
u(z,y) = X(@)Y (y) = c1e™® - cpe? W = 3V = ¢ty
Finally it is good idea to exchange A to some other symbol:

u(z,y) = c3e @Yy




We might differentiate u(z,y) to express Ou/0x and Ou/dy in order to substitute back into PDE. That will
provide as a confidence that no mistake was made through calculations.

Example

Use the method separation of variables to find product solution of PDE

ou ou
Y5 T2y O (130)

We are looking for a solution u(z,y) = X(z)Y (y). So we have to insert expected solution into DE:

1 1
1 1
S Ly ax L
Yy’ X'

The variables are separated. On the left is function of £ and whatever is now being left on the right side can be
considered as constant. And conversely. So we can have two DE which are solved against arbitrary constant A:

1

The above DE is ordinary differential equation and is solved here with changed notation (for convenience)
from Y (y) to y(z).

1

x?y:)\

zy = Ay’

;1 0
Ty =
Yy By )

The DE turned to be solvable as a linear DE with P(z) = —1/A z. Such DE is solved by means of
integrating factor p(z) = e P(®) 4

Whole DE is multiplied by the integrating factor and then we anticipate d/dz u(z)y on the left hand side
and such term is trivial to integrate:

d
— :0
— K@)y
PR il 1 7_ﬁ_0
Yy -e 32 )\wy e x7T =
d a2
%67§T~y:0

Note: could be solved easily also by separating variables.

X}

E3

?/2 1
7 . That implies that the second solution is X(z) = cze” 37 . Then the solution

1
So we have Y(y) = ciex’
u(z,y) is

y? 22

u(z,y) = X(z) - Y(y) = clen T s cpe T T = czem @)

After exchanging ¢4 for —1/2X



u(@, y) = cges= )

We might have a desire to check the solution for a correctness. In that case, let us compute

Ou/0x, Ou/dy and check whether equality holds when substituted into given DE (130).

Ou =322 cy- 4V

oz

0

6—: =c3 - (—2y) - cq - 604(12_?/2)
0=y-c3-2z-cq - eca(@*=y?) +x-c3-(—2y)-ca- eca(@®=y?)
0=0

The other way to check for correctness is to use numerical check by calculator. Let us choose randomly
some numbers for arbitrary constants and for x, y as well. Let us evaluate numericaly the slope from the

solution. When all substituted into DE, the equality have to (roughly) hold.

c3=2,c4=3, z=1,y=2

u(z =1,y =2) = 2.468196 x 10™* = u

u(z = 1.001,y = 2) = 2.483057 x 10 * = up,
u(z =1,y = 2.001) = 2.438747 x 10™* = up,
Ou  Au  up, —u

— = =2 — 14861 x 10°°
ox Az 0.001 861 10

Ou _ Au _ Uay =% 59149 % 103

dy Ay 0.001
Now substitute prepared values into given DE (130):

2-1.4861 x 1073 4 1-(—2.9449 x 10~*) = 0.0273 x 10*

It can be considered that the equality holds. We did not expect that we are going to get exactly to zero.

Example

Use separation of variables to find solution of

We are interested into solution u(z, y) = X(z)T'(¢):

11
B X'T-XT=XT' [ 5o
1 1
k-X'——-1=T" =
X T
1 1
kX" — =14T —
x 't 7

The variables are separated. Now we can solve two ODE against separation constant \.

The left hand side from (131) is solved against constant \:

1
kX" X = A
EX" = AX
EX" —AX =0

Now it depends on the configuration of the problem (on the value of A\) what the solution would be.

(131)



A=0: A>0(A=a?k): A<0(A=—a%k):

kX" —0=0 kX" — o’k =0 kX" + o’k =0
X"=0 X" —a? =0 — X" +a?=0 —
X(z)=caz+c = m={a,—a} = m = {ia, —ia}
X(z) =c3 sinh az + X(z) =cs sinax +
+ ¢4 cosh ax + cg cos ax

Note: the above solution with sinhaz, coshax is equivalent to Cse " + Cye®”, because
sinhz = (e — e ®)/2 and coshz = (e” + e %)/2.

The right hand side from (131) is solved against constant A:

1
1+Tl?:)\

T —(A—1)T=0
T +(1-NT=0
m+(1-A)=0= m=A-1
T(t) = cre? V!

Finally, let us combine X and 7T into u(z,y):

1. When A =0:

u(z,y) = (a1 + cez)e”™

2. When A >0 (A = a?k) :
u(x,y) = cre® V. (c3 sinh ax 4 ¢4 cosh ax = e ' . ¢7(c3 sinh o + ¢4 cosh az)

3. When A < 0 (A= —a?k):
—t ,—a’kt |

u(z,y) = cre® V. (c5 sinazx + ¢ cos ax) = ete cr(cs sin ax + cg cos ax)

Example

Solve the heat equation with given initial and boundary conditions:

ou d%u
E=kw u(z,0) = f(x)
u(0,£) =0
u(L,t) =0

u=0

u=0
y )
0 L x
FIGURE 12.3.1 Temperatures in

arod of length L

We have an equation describing physical problem and we are given initial conditions (distribution of

temperature at t = 0 is described by the function f(z)) and boundary conditions (temperature at the
start and the end of the rod is set to zero. Well setting (or keeping) the temperature to zero is somehow
unrealistic. But simple.

We are finding solution u(z,t) = X(z)T'(t). Let us observe boundary condition substituted into the solution:

+ u(0,t)=0 = T(t)X(0)=0

« u(L,t)=0 = T(t)X(L)=0

That means either 7T'(¢) has to be zero or X(0) and X(L) has to be zero. The first one, i.e. T'(¢) = 0 is not

reasonable to expect. Because the time is factor of the problem. If T'(¢) =0, then the solution
u(z,y) = X(x) - T(t) =0 can not be useful nor valid. If T'(¢) is not zero, then we are looking for



X(L) = X(0) = 0

XT' =kX"T
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T —=X"= 132
Tk X (132)
We are solving X" % = ) from (132).
X" =)X
X"-XX=0
Let us replace a? for ), then the expressions and statements are clearer.
1. A=0:
X'"=0 = X(.Z‘) =c1x + ¢
2. A<0(A=—a?):
X" +a?>=0 = X(z) = c1sinaz + c3 cos azx (133)

3. A>0(A=a?):
X" -—a?=0 — X(z) = c1 sinh az + ¢3 cosh az
All those trivial solutions with ¢; = co = 0 are really solutions for given initial values but are not useful

and do not solve given problem. Our hope is focused on sin az in (133). Because if we apply X(0) = 0 and
X (L) = 0 into solution (133) we are able to get nontrivial solution:

ar = Tn
™
ol =mn — a:T

X(z)= c1 sin % x

We are solving the left hand side of (132):

1
T — =2\
Tk
T' = ATk
T —XTk=0
m—Ae=0 = m=Xk
T = cze™ (134)
So we have a sequence of solutions forn =1, 2,3, ... combined from (133) and (134)
un(z,8) = T(t)X(2) = Ane” 2™ - sin ”—g z

Now at time ¢ = 0 inital conditions are given: u(z,t = 0) = f(z). So let us investigate the solution there:

un(z,t=0) = f(z) = A, sin w_gz x

Our solution does not look well. Because if f(z) is some function, how the equality could hold? Is f(z)
restricted to be only a sine wave? So we have to admit that u, is not a solution. But we know from the
superposition rule, that if w; and ws is a solution, then ciu;1 + caus is solution as well. Therefore we can write

00 a2 w . T
u(z, t) = E Ape 12 sin ——z

n=1

Let us set condition at ¢ = ( again:



flz) = Z A, sin ﬂ-—; z
n=1

That is good enough. That is what we recognize as a Fourier series. Only instead of coefficient b,, we have A4, .
So the function is now described by Fourier series and we can express its coefficients from known formula

by, = %ff)p f(z) sinnm%dm:

L
bn_%/o f(:c)sinnw% dz

Then the solution is

x (9 rL _xn?
u(w,t)—Z(f/O f(w)sinnm% dx)-e 12 kt~sin%nx

n=1



http://math4/Fourier/#fourier_extensions
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